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PEEFACE. 



Thx anelysie of the atressee in the web of the plate-girder is 
a complex problem, and does not admit of such easy solution 
as in the corresponding caae of the members of triangulated 
gixdere, in which the stressea can be determined with some 
measure of certainty. This has led to rough-and-ready rules, 
based upon experience, for the des^ of the web, with the 
result that an excess of material is often provided. The usual 
procedure adopted is to design the web on the assumption 
that it takes the shear stress alone, and then to consider the 
struts or stifieners, their number and disposition being laigely 
a matter of experience. 

For plate-girders of small span and depth this does not 
involve much error ; but for girders of long span and moderate 
depth, it is necessary that the stifienera or struts should be 
considered jointly with the web, if economy is to be attained. 

In this work the author has briefly set forth the theory 
of the distribution of Bla^ss in the plate-girder, and then shown 
the close relation which exists between it and the lattice-girder. 
The web and' struts are then considered together, and a rational 
method for their design given. Further, it is ahown that tiie 
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girder so designed is more economical of material than if 
designed on the ustial assumptioDS, and that therefore it ia a 
more correct aolntion of the problem. 

Of late years the practice has been to design plate^irders 
for small spans, and simple triangulated girders for the larger 
spans. The author is of the opinion that, if the advantages 
of the compound and lattice types of girders (shown on fige, 
55, 56) were appreciated, a revival of girders of these t3'peB 
would take place, and they would be used for much lai^er 
spans than hitherto, and to some extent would displace the more 
expensive triangulated girder. The analysis of the weight of 
plate-girders, and its application to parallel girders in the form 
given, is — so far as the author is aware — new : for rectangular, 
lattice, and triangulated girders, the inclination of the bracing 
for maximum economy is shown to be 45°. 

The attention of the reader is directed to the following 
sections : — 

The equivalent load diagram (§ 26). 

The division of the shearing-force diagram into equal areas 

m 50. 56). 
The equivalent length of booms (§ 52). 
The effect of compound stress on the web (gg 45, 46). 
The des^s of the compound and lattice-girders (§§ 61, 62). 
The weight of plate and parallel girders <§§ 65, 70). 

The author's thanks are due to Professor Alexander, for 
his kindly criticism in the preparation of this work, and for 
the use of some of the blocks from Alexander and Thomson's 
well-known Treatise on Applied Mechanics ; to the Institution 
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of Civil EngineerB of Ireland, for permiBeion to make use of 
the Papers in the Proceedings on " The Des^ of Plate-girders," 
and " The Weight of Plate-girders " ; to Mr, J. P. Conradi, for the 
abstract of his Paper on " Standard Types of Superetmcture " ; 
to Messrs. Dorman, Jjmg, & Co., and bo the Motherwell Iron 
and Bridge Co., for the particulars of the data and sizes of 
the trough- floors; to Messrs. J. T. Jackson and C. J. Neely, 
for their kindness in readii^ the proofs for Press. 
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THE DESIGN OF PLATE-GIKDEE8. 



THE STBENGTHS OF lEON AND STEEL. 

1. Materials. — The materiala principally need in the OOU' 
struction of plate and rolled girders are mild steel and wroi^hb 
iron, of which the former is the more important. 

For eonetruetive purposes the mechanical properties of these 
materials require to be known, together with the working 
strengths that may be adopted under various states of stress. 

The terms 'elastic,' 'plastic' or 'ductile,' 'brittle,' and 'tough,' 
are used when referring to some ot the mechanical properties of 
a material It is said to be elastic if, after the application and 
release of a stress, it receives no strain — that is, no deformation- 
or change of shape. Non-elastic or imperfectly elastic materials 
undergo a permanent change of form when subjected to stress ; 
steel and wrought iron are nearly perfectly elastic for a certain 
range of stress, and imperfectly elastic for greater stresses. By 
' plastic ' or ' ductile ' is meant that the material suffers a large 
deformation of shape under stress ; ' brittle,' if it breaks under 
an increasing stress before any great deformation is caused ; and 
' tough,' if under an increasing stress it becomes plastic, and 
undergoes a large deformation of shape. 

2. TeatlDc. — To determine the mechanical properties of 
iron and steel, testing-machines are used, by means of which a 
series of tests can be carried out on the material under obser- 
TatioD ', of these the tests for tension, compression, shear, 
torsion, and bending are the more usual. 

The dif^ram of fig. 1 is an autographic record of a tensile 
test carried out on a specimen of wrou^t iron, and will give an 
idea of the manner of the carryii^ out of such tests. The 
specimen having been placed in the machine, and connected to 
the recording apparatus, the stress is applied to the bar ; and as 
the test proceeds the diagram is drawn. The value of the stress 
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2 THE STRENGTHS OF IBON AND STEEL. 

at any iostaut is given on the scale OY; and the strain, in this 
case the percentage elongation of the specimen compared with 
the original length, is measured along OX, the linea OY, OX 
being at r^ht angles to one another. The curved line Oahcd 
gives the rdation between the stress and strain at any instant ; 
hence such diagrams are called stress-strain diagrams. 

The straight line Oa shows 
that, for a certain range of the STRESS STRAIN DIAGRAM 
stress, the stress is proportional 
to the strain. On passing the 
point a, proportionality ceases ; 
hence it is called the limit of 
elasticity for this particular 
kind of stress. At 6 the mate- 
rial elongates without increase 
of the load; it is called the yield 
point, the material heii^ duc- 
tile ; elongation of the specimen 
continues to take place, the 
strain becoming more defined 
for a small increase In the 
stress. At c the maximum 
stress, or breaking-load, is 
reached ; and a local con- 
traction, or drawing out of the 
bar, begins to be observable, 
finally breaking with the load 
at d, the intensity of the stress 
on the reduced section being 
greater than the 'breaking- , 
stress' on the original area of 
the cross-section. 













/ 




-^ 












\ 












\ 










u 


























































































' 


A„ 


— Jtp. 


-•-*- 


» ^ 



3; liUttlteorElastlcttr. — Formild steel and wrought iron, 
the Umits of elasticity are about two-thirds the breaking-strength : 
these limits depend greatly upon the history of the specimen. 
The rollii^ of the material raises the elastic limit for tension, 
but lowers it for compression. According to Bauschinger, the 
range of elasticity in a given material is fixed; and if the 
upper limit of elasticity is raised by rolling or wire-drawing 
for tension, the lower limit is necessarily lowered for compres- 
sion. For a mild steel bar which has been carefully annealed, 
the limits of elasticity seem to be the same both for tension and 
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ELONGATION. 3 

compresBion ; on being subjected to rolling or wire-drawing, the 
limit is raised for tension, and lowered for compression. These 
results aeem to he in accordance with what takes place in the 
testily-machine, as it is possible to raise the elastic limit con- 
siderably in a specimen by alternately loading and then partially 
unloading it during the test. 

4. mtimate or Breaklng-Streiiith. — The breaking- 
strength, as determined in fig. 1, is usually called the statical 
breaking-load ; it is not, however, the maximum load which 
could be applied to the bar. It has been shown experimentally 
that, if a bar be loaded slowly day by day, the -statical breaking- 
load can be much exceeded, the result being due to an action 
analogous to wire-drawing in the specimen, its strength to 
compression, while in this condition, being lowered. 

The strei^tha to tension and compression of mild steel are 
sensibly equal to one another ; and the same may be said of 
wrought iron if the material is homogeneous and annealed. 
The roUing of the materials during the process of manufacture 
necessarily involves an analogous effect to wire-drawing, and 
they are sent out in this strained condition with the result that, 
when tested, the tensile strength is, as a rule, somewhat greater 
than the compressive strength. If such materials are annealed, 
the effects of the wire-drawing more or less disappear ; and when 
tested, the tensile strength is less than in its previous condition, 
the elongation at the same time being increased. 

For homogeneous materials, which may be assumed to be 
isotropic, such as mild steel and some kinds of annealed wrought 
iron, it is probable that the strength to tension, pure shear 
(torsion test), and compression are all equal to one another, 
and that the discordant results often obtained are due to the 
strained condition of the material. The testing of riveted 
joints shows that the shear strei^th of the rivet is less than its 
tensile strength ; when it is remembered that the stress on the 
rivets is not one of pure shear, but complicated, with bending 
and local distortion, where the stress is applied, the results are 
not surprising. 

5. Elongation. — The amount by which the bar is elongated 
or stretched during the test, compared with the original lepgth, 
is used as a measure of the eloi^ation or the permanent defor- 
mation, and therefore of the ductility or the plasticity of 
the material The contraction of the area of the cross- 
section, where the bar breaks, is also used as a measure of 

B2 
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4 . THE STBENGTHS OF IRON AND STEEL. 

the ductility. Ae a practical test, it is not so easily measured 
as the elongation. 

6. Mild Steel and 'Wroncht Iron. — In judging of the 
quality of mild steel and wrought iron for construction purposes. 
uie breaking-strength and elongation are considered 'together. 
The averj^ values of the strengths for tension, compression, 
and shear (shackle-test) for different kinds of plates, bars, and 
rivets, are given in the following table : — 

BEKAKaSG-STBENGTH IH TONS FEB SqUABE InCH. 





T«.c.. 


-a- 


Shear. 


BlODcatioD 
[wrcent. 


of MO 
per cut. 


Ikon— 












PlatGBwith grain, 
PktHacrDUKinin, 


22 
20 


18 


.8 


16 
10-16 


10-28 


Bun, . 

EiveW, 


22-25 
22-26 


18-20 


ia-20 


16-20 

20 


15-35 

26-40 


S«1L— 












Plate*, 

Bar«, . . . 


26-32 
26-32 


26-32 
26-32 


21-25 
21-25 


20 
20 


30-60 


Bivets, . . 


24-29 


24-29 


20-25 


25 


40-60 



In addition to satisNing the tests given in the above table, 
some specifications require the material to undei^ one or more 
bending tests— strips cut from the plates being required ta 
stand bending through 180° to a radius of curvature of about 
1^ times the thickness of the plate. These tests give an 
indication of the ductility of the material ; their use is not so- 
much insisted on at the present time for bridge-work, the tests, 
for elongation and contraction of area taking their place. 

7. RIveto. — For these a material with a large percentage 
of elongation and contraction of area and a comparatively low 
tensile strength is usually specified. The heating and subsequent 
elwiing of the rivet demand a material in which ductility is e, 
well-marked characteristic. 
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WUHLER'S RBSKARCHES. 5 

8. Wobler's Ile«e«rcheB. — When a bar is subjected to 
alternating stresses continually applied, the breaking-strength 
is less than when the stress is gradixally appHed, and does not 
alternate. Herr AVohler, after a laborious investigation on 
different materials under alternating stresses in tension, bend- 
ing, torsion, and compression, determined approximately a 
relation between the stresses that would break a bar under 
various conditions of loading; and further experiments by 
Spangenberg, Bauschii^er, and Baker have conlirmed these 
results. 

The results may be briefly summed up ae follows : — 

(1) A bar subjected to a direct stress has a statical breaking- 
strength of t. 

(2) Then the same -bar subjected to an alternating stress 



(3) Or, subjected to an alternating stress varying between 

+ ^ and ~ -, will break with a stress of 5, the -1- and - signs 

denoting compression and tension, respectively. In other words, 
the stresses that will break the bar are in the proportion of 

The stresses alternating between and ^ may be looked 
upon as being made up of a direct stress of j, and an alter- 
nating stress of + 2 and - j- Applying Wohler's results to this 
ease, the breaking-stress would be a direct stress of -, together 

with -T = i'> hence the results of the experiments on alternating 

stress between equal, +, and - values may be looked upon as 
confirmii^ the experiments on altematii^ stresses varying 
between and some ± value. 

It is a matter of opinion as to whether the fatigue of 
materials is accountable for the above results, or whether they 
should be ascribed to dynamic action, or partly to both these 
effects; at present the results of the experiments are generally 
Jooked upon as indicating a gradual breakdown of the material, 



izecDy Google 



6 THE STRENGTHS OF IRON AMD STEEL. 

but until further experimental data are forthcoming, no decisive 
opinion can be given. 

All cases of varyii^ stress may be reduced to a direct stress, 
varying between eqtial, +, and - values ; for instance, a bar of, 
say, one square inch in croBS-section is subjected to stresses 
vairii^ from a certain maximum 5 to a certain minimum S, 
both of the same kind; it would be subjected to exactly the 
same stresses if a direct stress of 

. „ max S - min *S 
mm S + 

were applied to it, together with equal alternating stresses of 

max S - min S 

2 

If this result is interpreted by Wohler's law, the static breaking- 
stress (ult S] that would replace these stresses would be 

,, „ . „ max iS - min iS 3 (max 5 - min *S) 
ult iS = mm S + -^ + -^^ 2 



and by attention to the signs of the stresses, this result is 
applicable to all cases. 

If the min S equal the max S and is of the same sign, there 
is no variation of stress, and 

ult 5 = maxS". ' 

If the min 8 = 0, then 

ult 5 = 2 max S. 

If the min S is equal to the max 5" and of opposite sign, then 

ult^S = 3maxS. 

Another expression of the above result is as follows : — 

ult 5" 



max5 = I JL , (1) 

. min 8 ' ^ ' 

maxiS 
which is convenient for calculating purposes. By dividing the 
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FACTOR OF SAFETY. 7 

numerator into the denominator, and neglecting all terms after 
the second, the expression becomes 

which is of the form of the "Weyranch-Launhardt formula, much 
used on the Continent and in America for bridge-design. 

9. Factor of Safety. — The loads to which a structure will 
be subjected being known, and the idtimate or brealdng-strength 
of the material, it is necessary to decide on the working-strength 
to be adopted. This is obtained by dividii^ the breaking-strength 
by a numbei- called the ' factor of safety,' or, as it is often tersely 
described, ' factor of ignorance,' and is determined by practiced 
considerations and experience ; hence 



working-strength 



brealdng-strength 



factor of safety 
Previous to the researches on alternating stress, various 
values were adopted for the factor of safety, depending upon the . 
class of structure and manner of loading, for bridge-work values 
of 4 to 5, and even greater, were not uncommon. The tendency 
of the present practice is to take a factor of safety of 3 for a 
steady load, and to determine the working-strength of the 
material from a consideration of the maximum and minimum 
stresses to which it will be subjected. Adopting the value 3 
for the factor of safety, and 30 tons per square inch for the 
breaking-strength of steel, and 22'8 tons per square inch for 
iron, the formulae (1) and (2) become : 
Steel— 

working-strength - r— ^ ■ (la) 

max*S 
Inm — 



maxfi* 
Steel— 

working-strength 5 =(l + i^^^^]- (2a) 



Iron — 
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8 THE 8TKKHGTHS OF lEON AND STBKL 

Theae formulae are easily remembered, and cover all casea 
that arise, attention being paid to the change of sign when the 
stresses alternate between compression and tension. The for- 
mulfe of (la) for steel and iron give a more correct interpretation 
of Wohler's experiments than the Weyranch-Launhardt formulie 
of (2a), and for this reason the formula of (la) will be used 
throughout this work. 

10. Bange of Strew. — The maximtun and minimum 
stresses to which a bridge will be subjected depend upon the 
dead and live loads, the dead load being that due to the weight 
of the superstructure and girders, and the live load that due 
to the paest^ of locomotives, trucks, or other moving loads 
across it. For short brieves the dead load is small compared 
with the live load, and the range of stress laige ; and for long 
bridges the dead load is large compared with the live load, and 
the range of'streas small. Any rational method of des%n must 
make provision for thie variation of stress, and it is only by 
using the results of Wohler's researches, as embodied in the 
foregoing formulae, for the working strengths of the material 
that this can be done. Unfortunately the Board of Trade rules 
have hampered prt^ress in this respect, as they make no pro- 
vision for the variation of stress, and only consider the working 
strength for the live and dead loads combined, being 5 tons per 
square inch for iron, and 6J tons per square inch for steel. 
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BENDING MOMENTS AND SHEABING FORCES. 

11. StresBCR mmI Forces. — The problem of the design of 
engineering structures resolves itself into two parts. Firstly, 
the evaluation of the stresses called into action in the various 
members of the etructuro by the external forces ; and secondly, 
the proportioning of the various members to withstand these 



In the case of bridge-work, the external forces acting on the 
structure are the live loads which traverse the bridge ; and the 
dead loads, made up of the structure itself, and the dead load 
which it carries. For the present these loads will be assumed 
and the stresses called into action by these assumed loads 
determined. In what follows, when referring to forces, it is 
to be understood that the word 'we^jht' or 'load' might express 
the meaning equally well ; if, for instance, a bar is stressed by 
a force of one ton, then a weight or load of one ton hanging on 
to the bar would produce the same stress. As a rule, we^hte 
or loads refer to forces acting in the direction of gravity ; and it 
is these weights or loads which call into action the various 
forces which stress the various members of the structure. Tlie 
word 'stress' then impHes the resistance offered by the members 
of the structure to the appHed forces. 

The units in which forces, we^hts, loads, and stresses will 
be measured are pounds and tons. 

12. The Equlllbrlnn of Forcec. — Let three forces act 
in one plane and at a point : they will be in equilibrium if their 
magnitudes and directions are represented by the sides of a 
triangle taken in order. 

The experimental proof of this proposition, known as the 
triangle of forces, admits of easy demonstration ; it can also 
be shown to be true in a simple manner as follows; — 

Draw the triangle ABC (fig. 2), and imagine it to be the plan 
of a trlai^ular prism floating in water with the axis vertical, 
since it does not move, the forces acting on it are in equihbrium. 

Consider a small horizontal shce of the solid of unit thick- 
ness, and let p' be the pressure per unit of area on the faces ■. 
then on the faces AB, AC, and BC the pressures are p'c, p'h, 
and p'a, respectively ; or, in other words, the pressures are 
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10 BENDING MOMSaJTS AND SHEARING FORCES. 

proportional to the sides of the triangle. Bisect AB, BC, and 
AG, and erect perpendiculars : they will meet at the point 0. 
Imagine the forces P, Q, and B to act along these lines. Let 
P = /c, Q^p'b, and^ = /a; thenP:§:^::c;6;a, that is, 
the three forcea F, Q, B meeting at the point are proportional 
to the sides of the triangle drawn at right angles to the forces. 




and since the forces p'a, p'h, and p'c were in equilibrium, so also 
are the forees P, Q, and B. Draw another triangle with its 
sides p, q, and r perpendicular to c, b, and a ; the triangles will 
be similar and the sides proportional. Hence P: Q:B:tp:q:r; 
but p, q, and r are parallel to P, Q, and B, respectively : hence 
the proposition is proved. 

13. Polygon of Forces. — If any number of forces act at 
a point, they will be in equilibrium if their magnitudes and 
directions are represented by the sides of a polygon taken in 
order. 

This proposition follows at once from the triangle of forces. 
Let P, Q, B, S, T, U be the forces acting at the point (fig. 3), 
and draw the sides of the polygon pqrstu in order, representing 
the magnitude and direction of the forees. 

Consider the two forces P and Q acting at the point 0, and the 
two 8ides^,g, of the polygon, join their extremities by the straight 
line a; a third force A introduced at the point represented in 
mt^itude and direction by a would produce equilibrium with 
the forces P and Q, their magnitude and directions being repre- 
sented by p, q, and a ; if now the force A be reversed in direction 
at the point, its efi'ect would be the same as that of the forees 
P and Q, and could replace them ; in other words, the force A is 
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the resultant of P and Q. Similarly the force B could teplaee 
the forces A and R, and the force C could replace the forces B 
and S, and there would be left the force T, U, and C, acting at 
the point and in equilibrium, their magnitudes and directions 
being represented by t, u, and c. 

The polygon pqrsiu is called the force-polygon of the forces 
acting at the point 0. The condition, then, for the equilibrium 
of a syBtem of plane-forces acting at a point is that the force- 





polygon must close. This is equivalent to the statement that 
the a^braic summation of the forces on any two right lines 
- ; or, as usually expressed, SF • 0. 

If the force-polygon does not close, the system reduces to a 
resultant which is represented in magnitude and direction by 
the closing-line of the force-polygon acting in the opposite 
sense to that of the forces roimd the polygon. 

I 14. Forces actlug In a Plaue. — Suppose the forces 

P, Q, B, S, T, and U given in direction and nu^nitude in fig. 4 

j but not acting at a point, but anywhere in the plane of the 

paper. What are the conditions of equiUbrium ? 

Draw, as before, the force-polygon pqrsiu, and take any 
point and join it to the extremities of all the sides of the 
polygon. Select any point on the force P, and draw from it the 
straight lines A and B parallel to the sides of the force-polygon 
a and b. Produce the line A to meet on the force U, and the 

I line B to meet on the force Q ; there are three forces represented 

; in magnitude and direction by p, a, and b acting at a point : 

hence they are in equilibrium ; of these, P is the given force, 
and the other two forces act along A and B. 

From where the line B intersects the force Q, draw the line 
C parallel to the line c of the force-polygon ; similarly, from 
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the intersection of the line C on the force R, draw the line D 
parallel to the line d of the force-polygon, and repeat the con- 
struction for the lines E and F; Si the forces are in equilibrium, 
the line F and the line A will intersect on the force U. Now the 
force P was shown to be in equilibrium with the forces acting 
along the lines A and B ; also similar reasoning applies to the 
lines intersecting on the other forces : hence the whole system 
-is in equilihrium. The linkage A, B, C, D, E, and F is called 
the link-polygon, meaning a system of links which would be in 
equilibrium under the action of the given forces. The point 




is called the pole of the force-polygon, since it can be taken 
anywhere. A number of linkages can be drawn, all of which 
will be in equilibrium under the action of the given forces. 
Two conditions require to be fulfilled for a system of plane 
forces to be in equilibrium, viz. : — 

(1) The force-polygon must close; that is, the algebraic 
summation of the forces acting on any two right lines = 0, or 

(2) The link-polygon must close; that is, the algebraic 
summation of the moments on any two right lines = 0, or 

If the force-polygon does not close, the link-polygon closes, 
and the system reduces to a resultant. 

If the foi-ce-polygon closes, and the link-polygon does not 
close, the system reduces to a couple. 
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15. BendlDB-Homeat DlagranM. — The moment of b, 
force is defined by the product of the force by the perpendicular 
distance of the force from the point. 

For the problems required in bridge-work the external forces 
acting on the structure are, ob b. rule, parallel to the direction of 
gravity, and the perpendicular distances to these forces are 
measured from some point in and along the span of the bridge. 

In fig. 5, five wei^ts W,, W^, Wt, W,, W^ are shown actiW 
between P and Q at the extremities of the span ; it is required 



Xi-^ t 




to determine the mi^nitude of the supporting forces P and Q, 
and the bending moment at any point m the span. 

Let Xi, iCj, Xi, Xi, Xi represent the distances of the weighte 
JTi, W„ W„ Wi, Ws, respectively, measured from the origin Oy 
the centre of the span ; talie moments round P : then, since the 
system is in equilibrium, SAf - 0, that is, 

- e2c - : 
this determines Q ; since the forces are parallel, the sum of 

that is S.P ■■ : hence P is known. 

The bending moment at any point of the span is defined aa 
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14 BENDING MOMENTS AND SHEAKINO FORCES. 

the algebraic summation of the ntomeiits of the external forces 
on either side of the point; at ic, its value ia 

P(c-a;,)- W,(x,-x,)- Wj(xj-x,)~M. 

"Similar equations giving the values for any other point. 

By computing the values of the bending momenta at several 
points, and marking off perpendiculars to the span at these 
points proportional to the bending, momenta, and joining the 
■extremities of the perpendiculars together, a figure is obtained 
which is called a bending-moment diagram. 

In fig, 5 the values of the weights and the distances measured 
along the span are all shown tc^ether with the bendii^ moments 
under each weight. 

16. Scales — Since a moment is the product of force multi- 
plied by dutance, the units in which it is measured must contain 

units of force and of distance. Usually the units used for 
bridge-work are the inch-pound, inch-ton, foot-pound, and foot- 
ton for moments, and feet and inches for distances. 

In making a drawing of a bending-moment diagram scales 
are necessary for plotting bending moments and distances ; the 
scales being drawn on the paper, the values can be sealed off 
directly with the compasses from the diagram. On fig. 5 two 
scales are shown; and the drawing being to scale, the values 
marked on the figure can be verified. 

17. Calmann's Theorem. — The bending-moment diagram 
of fig. 5, which was determined by the calculation of the bending 
moments at various points of the span, can also be derived 
Kiirectly from the construction given for the equilibrium of forces 
acting in a plane : § 14, the constiniction required, beii^ a 
particular case of the general solution. Thus, let the weights 
be of the same magnitude and positions as given on fig. 5 ; it 
is required to determine a linkage on which the forces act, and 
the reactions P and Q when the system is in equilibrium. 

Draw the lines W,, Wj, W„ Wt, W^ in order, representing 
the magnitude and directions of the sides of the force-polygon 
to scale, fig. 6. In this ease, the force-polygon is made up of 
straight lines ; and since the system is in equilibrium, the force- 
polygon must close — close it by drawing the line fa. Choose 
any pole (X, and join it to ahcdef by vectors, as shown. From 
H , any point on HH', draw H'A' parallel to O'a and meeting 
W, at A'; draw A'E, B'C, CI/, D'E', and E'E' parallel 
respectively to 0\ ffc, O'd, &e, O'f, and join KK' : it is the 
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closing line of the link-polygon. Draw Cfg parallel to WK', 
meeting af, the closing line of the force-polygon, in g. Then 
fg — Q, and ga = P, the force required to produce equilibrium. 
The linkage, tc^ether with the forces acting on it, is in equi- 




ScALt 



ScuLE foir Foirces Ton* 



SoALi fOR DiMtMiona (Horizontals) 



librium, because the three forces acting at every point are in 
equilibrium, being proportional to the sides of a closed triangle 
of the force-polygon. 
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16 BKHDIMG MOMENTS A2iD SHEABIKG FOKCES. 

It iB convenient to draw a linki^e oq which the forces act 
in which the closing line of the link-polygon is horizontal r the 
base line of the diagram is then parallel with the span. To do 
thia, teike a new pole on a horizontal through y of the force- 
polygon, and, starting from the point 5" on the span, repeat the 
construction for HABCDEFK. The link-polygons so drawn are 
bending-moment digrams tor the given forces. Confining our 
attention to the second polygon, this may be shown as follows : — 

Produce the links HA, EKto meet at h, and from h drop the 
perpendicular hG to the base; produce the Unka AB, BC, BE to 
meet this perpendicular in k, m, and p respectively, the link CD 
cutting it at n. Draw any intercept such as zsrg. The triangle 
Bsr is similar to the triai^le Obc of the force-polygon ; hence 

rs Bb , Bs vz 



- Wivz = moment of IT, about z, 

Ts and vz being dimensions, and Og and W^ forces. 
Again, 

Og .zq = ag . Hz = P. Hz = moment of P about z. 

And similarly, 

Og.gr = moment of IT, about a. 

Summing up these moments, and noting that P acts in the 
opposite direction to W, and IF,, the expression is 

Og{zq -rs- qr) - moment of jP - moment of W^ 
- moment of W, ; 
or, 0^ . iK " %M ; 

that is, the intercept sz of the link-polygon is proportional to 
the bending moment at the point Og, being constant, and of 
the same value no matter where the intercept is taken. Hence 
the link-polygon is also the bending-moment diagram for the 
given forces. This is Culmann's theorem. 

The intercept Hg, foimd by producing the links HA, EK, 
gives the direction of the resultant of all the forces, or, what is 
the same thing, the centre of gravity of the weights. If, instead 
of finding the forces P and Q to produce equilibrium, one force 



izecoyGaOgle 



SHEABIK6-F0SCE DIAQRAM. 17 

equal to P + (? had been applied at A to the linkt^ ABCDEh, 
it would be in equilibrium under the action of the given we%ht8. 
Thus, the moments about h are 

nm + mk + !ck-'hp ~jpn = 0; that is, "SM = 0, 
Also, from the force-polygon, 

W,+ W.,+ W,+ W^ + W,-{P+Q)■, that is, 2^"= 0. 
By constructing a scale of bending moments, that ia, in this 
case, a scale in which the dimensions have been multiplied by 
the for^ Og, the values of the bending moments can be read off 
directly from the diagram. F^. 6 is drawn to scale; and the 
scales for the bending moments, forces, and dimensions are given 
thereon. 

18. i81ieiuiii«-Porec Blagran. — The shearing force at 

any point of the span is the algebraic sum of the external 
forces to either side of the point. 

On fig. 7, the same weights, tc^ether with the known 
reactions, are given as on figs. 5 and 6 ; and since they are in 
equilibrium, SF - ; that is, 

- i* + »r, + »r, + IT, + IT, + jr. - e - 0. 
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The ehearii^ force at any point between, say, W^ and Wt, 

will be 

_ P + 7P, + fT, + JTi = - IT. - TF^ + C. 
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18 BENDDIG MOMENTS AND SHBAKINO FORCES. 

To determme the shearing-force di(^am, — Draw the force- 
polygon W, Wt W, Wi Wt Q and P to scale in any convenient 
poBitioQ ; through g draw a horizontal line, and produce the 
lines of action of P and Q. Similarly, through a draw a horizontal 
line to cut the lines of action of Wj and P, and repeat the 
construction for the points b, c, d, e,/; the stepped figure on the 
horizontal line thus determined is the shearing-force diagram. 
The ordinatea to this diagram at any point on the span give 
the a^braical sum of the forces at that point. 

19. Iioad Diagrams. — On figs. 5 and 7 the positions of 
the weights on the span are shown by arrows ; the base line, 
together with the arrows, constitutes what is called a load- 
diagram for the concentrated loads situated at the various 
points of the span. Wben the span is loaded all over with , a 
uniform load, the diagram becomes a rectangle as shown on fig. 8, 
the he^ht of the diagram to scale corresponding to the load in 
tons or lb. per foot on the span. The load, shearing-force, 
and bending-moment diagrams form the starting-point in all 
problems connected with the design of brieves, and should 
always be considered together. For brevity, they will here- 
after be referred to as the L., the S. F., and E. M, diagrams. 

20. Beam nnlftormly Iioaded. — The L. diagram in this 
case is a rectar^le shown on fig. 8. 

Let ID be the intensity of the load ,^ltf'' 

in lb. per foot, and put the length ly-^ to^io aksa 1 

of the span = 2c, then the total "'"r « 5 1 

\obAW^%vc To find the bend- ''t'""' ^^ «.e-Q^ 

ing moment at a point distant t ^ 

X from the centre 0. Consider i' TtTt^J 

the load-area standing upon the J|- 4 -- -i|l 

span to the left of the point : it is ^"^ |i"(c-«) 
a rectangle of length (c - x) feet, ' '^ 

and we^ht w{c - x) lb. This 
weight, acting at its centre of 
gravity, that is, at the middle 
point of the segment (c - x), gives 
the same bending moment about x as that of the actual distri- 
bution. Equatii^ the moment about x, the expression is 

M,^P(c-x).wic~x)(^-^y 
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Since the load is uniformly distributed, the reactions P and ^ 
are each equal to we : hence 



j(f-a?) if x = ±c, M, 



if a; = 0, 



The curve of the B. M. diagrt 
on fig. 9. To draw the diagram, 
mark off ^WZ on a perpen- 
dicular to tie base at its centre 
on some convenient scale, and 
construct the curve passing 
through the extremity of the 
perpendicular and the two ends 
of the span, using some of the 
known geometrical construc- 
tions for the curve, or calculat- 
ing the values directly for a 
number of points, and plotting 
the curve through the extremities of 

The S, F, dif^ram is deter- 
mined thus (fig. 10): mark oft' 
the values of P and Q to scale 
perpendicular to the base line, 
and join the extremities by a 
straigbt line : it is the dif^am 
required. 



that is at the ends 
of the span ; 
wc' Wl , 

IT = -s-' at the centre of 
"^ ** the span, 

is a parabola; this is shown 




Pio. 10. 



21. The Relatton between tbe L., 8. F., and B. n . 

Dlnsramg. — The shearing force at any point of the span has 
already been defined as the algebraic sum of the forces to either 
side of the point, that is, the shearing force = ^F. This is true 
for all conditions of load, whether uniform, varyii^, or concen- 
trated. 

If the load on the span can be expressed as a function of the 
distance measured along the span, the shearing force at any 
point can be determined by the use of the calculus, the inte- 
gration of the expression for. the load up to any point giving the 
E^iearing force at that point. Thus, for a uiufonu load on the 
span, the shearing foi'ce at the centre = (fig. 10) ; and for values 
of X, measured from 0, the centre of the span, the shearing force 



CS 
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- vxc ; that is, it is proportional to the area of the L. diagram. 
The S. F, diagram on fig. 10 shows this, being made up of two 
triangles ; the intercepts perpendicular to the span vary in direct 
proportion to their distance from the centre. Now the relation 
here eetablished for the S. I", digram for the uniform load is 
true for any distribution of loading j hence the value of the 
shearing force at any point can be expressed as /* = J icdx, where 
w is either constant or some variable dependii^ on x. 
Per the uniform load v> = constant ; hence 

F= wjdx = v)x+C. 
Now when 

x = (i, F~0; .: C = 0, 

and no constant is rec[uired. This is the equation of a straight 
line, and, if plotted, would give a S. F. diagram similar to that 
of %. 10. 

The B. M. diagram is related in a similar way to the S. F. 
diagram that the S. F. diagram is to the L. diagram. The 
bending moment at any point is proportional to the area of the 
S. F. diagram up to that point. The S. F. digram on fig. 7, and 
the B, M. diagram on figs, 6 and 6, clearly show this. The 
horizontal lines through g and / (fig. 7), together with the lines 
produced through Wi and Q, enclose a rectangle ; and the area of 
this rectangle is proportional to the intercept on and through £ 
of the B. M. diagram of fig. 5. If a point were taken midway 
between W^ and Q, the area on the S. F. dif^ram would be 
halved; so also would the intercept on the B. M. diagram. 
Similarly, the intercept through B on the B, M. dii^ram is 
proportional to the areas of the rectangles enclosed between 
Wt W, and W,Q of the S. F. diagram. For the B. M. and S. F. 
digrams for the uniform load (figs, 9 and 10) the same relation 
can he shown by dividing the S. F. dif^am into a number of 
slices perpendicular to the base ; and marking off intercepts on 
the B. M. diagram proportional to the sum of these areas at any 
point, the curve obtained for the B.M. diagram will be a parabola. 
The above relation, expressed by the use of the calculus, is 

M = {Fds:. or ^ ^ F; 
ax 

the rate of increase of the bending moment equals the shearing 
force, but F^j wdx, hence M" jj vidx^ : for the case of the 
uniform load F - tox, hence 

M~S^dx= -wixdz = ^ + 0. 
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COMBIXED DIAGRAMS. 

Now, when 
x = c, M'-'O; .-. C = -y, and -Jf-|(c=-a;=), 
the equation of a parabola. 



22. Combined UacraniB.— If two B. M. or S. F. dia- 
grams, drawn to the same scale for different loads and for the 
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same span, are given, then the B. M. or S. F. diagrams for the 
combined loads can be obtained by the addition of the ordinates 
of the given B. M. and S. F. diagrams. On fig. 11 the B.!)!. 
diagram's for a load at the centre of the span, and for a uniform 
load over the whole span, are shown, and the combined B. M, 
diagram for the combined loads obtained by the addition of the 
ordinates. 
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Por the concentrated load, the bending moment at any point 
■ -^ (c ~ x), and at the centre * iWl; for the imif orm load, the 



W being the concentrated load on the span, and V the uniform 
load. 

For the combined B. M. di^mtm, the bending moment at any 
V W 

point = 3- (c* - ar*) + -^ (c - a;), and at the ceatie=(^V'+^W^l. 

These values are ehown on the figure, and admit of easy veri- 
fication. 

The combined B. M. diagram is made up of two arcs of the 
same parabola as that for the uniform load, the vertices of the 

W 
parabolas Ai, At being distant j=c from the centre of the 

span. 

The diagram can be readily drawn by marking off the sum 
of the bending moments at the centre of the apan, and inscrib- 
ing the parabolic arc in the triangle DEC, and using the same 
construction for the other side of the diagram. 



23. S, F. and B. 91. Diagrams for Moving Loadg. — 

The S. F. and B. M. diagrams already given relate only to 
fixed loads, or, as usually called, dead loads. For most bridges 
there is, in addition to this load, a moving or live load to be 
considered; it is the S. F. and B. M. diagrams for these that 
will now be determined. 

Moving loads refer, as the name implies, to loads which 
traverse the span of the bridge, such as locomotives, trucks, and 
the like. A uniform moving load coming on at one end of the 
span, covering part or all over the span, and passing off at the 
other end, is spoken of as an advancing load ; for instance, a 
train of trucks nearly fulfils this condition, 

A load concentrated at a point, such as a loaded wheel, is 
spoken of as a rolling load, and several rolling loads, rigidly 
grouped together as in a locomotive, as a travelling load system. 

The B. M. and S. F. diagrams for a rolling load. — On ^. 12 
the rolling load E is shown distant x from 0, the centre of the 
span : calculate the reactions P and Q ; then the moment at x is 



M^ = F(c-x)~ Q{c + x). 
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Now if the load M moves either to the right or left of the 
point, the value of the moment at x, Mx decreasee ; hence the 
bending moment at any point 
is greatest when the load is 
over the point. Substitute for 
G in terms of M; thus 



hence 3f, = 







Fw. 12. 
when a; = : then M,^. = J.E/, and the E, M. 



and this ia the equation for the 
maximum bending moments at 
any point. The maximum of 
these maxima 
diagram is a paraboL 

For the S. F. diagram (fig. 13) place the load B 
position on the span as 
shown, and calculate the (^ 

reactions P and Q ; these i — v . / .- 

give the value of the posi- ^ 

tive and negative shearing 

force at the point; and they ^j 

are also their maximum 

values. If B moves to the 

left of the point, the value 

of Q decreases : hence the 

negative shearing force Fis. 13. 

decreases. Again, if B 

moves to the right, the value of P decreases, and the positive 

shearing force decreases : hence the value of the shearii^ forces 

is a maximum when the load is over the point. 

To draw the diagram, drop perpendiculars to the extremities 
of the base line, and mark off the value of B above and below 
the line ; draw a pair of parallel lines passing from the ends of 
the base to the ends of the perpendiculars. The positive and 
negative shearing forces are given by the intercepts above and 
below the base line ; and their sum is obviously always equal to 
the load. 




24. Advancing Load eqnal In Iiength to the Span. — 

The bending-moment diagram will be the same as that for a 
uniform load of the same intensity as the advancing load distri- 
buted over the span, the bending moment at any point being 
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greater when the epan is loaded all over than when partly 
loaded ; thus cimsidei the B. M. diagram drawn for the span 
partly loaded, and another B. M. diagram drawn for the load 
distributed on the other part of the span, the combined diagram 
would be larger than either of the B. M. dii^ams separately : 
hence the bending moment at any point is a maximum when 
the span is loaded all over ; and the csase resolves itself into that 
of a beam uniformly loaded {§ 20). If ET' is the total load over 
the span, then the bending moment at the centre will be ^CT; 
it will be noted that this value is one-half of what it would 
have been had the load been a rolling one. 

To determine the S. P. diagram. — Suppose the span to be 




loaded with a uniform load as shown in fig. 14, and consider 
how the reaction P varies as the load cornea on the span from 
the right, the positive shearing force F^ up to the end of the 
load at the point x is equal to F, and F varies according to the 
position of x, that is, the ext«nt of the load on the span. If 
the load moves to the right of the span, the value of F or /*, 
decreases at the point x. If it moves to the left and partly 
passes, F increases, and so also does the load by the amount 
it goes beyond x. Now the increase of i* is less than the increase 
of the load, and the shearing force is again less ; hence the 
shearing force is a maximum when the front of the load is at 
the point. A similar demonsti'ation appHes to the negative 
shearing force. 
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To draw the dii^ram, calculate the value of P, that is, F, 
for any value of x : thuB — 



p.a 



»(-«)C-f^); 



. PorA-j-(« + x)', 



a parabola ; if x - — c, F^ =• 0, the curve starts from the end of 
the apan ; if a! - + c, i*. > wc, the value of the ordinate to the 
curve at the other end of the span as shown on fig. 14, The 
curve is reversed for the n^ative shearing force, the dic^ram 
being STmmetrical. 

25. CmiMned Uve and Dead Loads. — The B. M. and 

S. F. diagrams for the dead and live loads have now to' be com- 
bined together ; for the simple cases ao far dealt with, this can be 
readily done. Consider the span to be loaded with a uniform 
dead load and a uniform live load. The B. M. dic^ram is a 
parabola in each case ; and the combined B. M. diagram will be 
the earn of the ordinates of the separate diagrams and another 
parabola. If w and m are the intensities of the dead and live 
loads, respectively, the equation to the curve is 



M^~- 



-ic'-j^). 



The S. F. diagram will be determined from the algebraic sum 
of the ordinates of fig. 10 for the dead load, and fig. 14 for the 




live load. The diagram obtained is shown in fig. 15. BDOGE 
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is the S. F, diagram for the dead load ; aad the triangles DFE, 
DEG, with the inscribed parabolic arcs, are the S, F. diagram for 
the moving load of fig. 14 after distortion by the addition of the 
ordinates of the separate dif^rams. The parabolic arc FLE cute 
the base BC at the point L. The positive shearing force at that 
point of the S. F. digram for the live load equals the negative 
shearing force of the S. F, dif^:ram for the dead load ; and 
therefore the shearii^ force at L varies between and the value 
of the ordinate through Z. For the portion of the span LG, the 
shearing force is always n^ative ; and similarly, for the portion 
KB, the ehearing force is always positive. For the part of the 
span between LK, the shearing force varies from positive to 
negative values, varying at the centre from \W to -\W. It is 
this portion of the span which requires counterbracing. The 
stresses on the members change in sign during the passage of 
the live load, owing to the chai^ in s^ of the sbeuing force. 
The majority of the problems connected with the design of plate 
and triangulated girders depend for their solution on the use of 
the B. M. and S. F. diagrams just described ; and the reasoning 
which underlies their construction must be carefully studied. 

26. Eqalvalent l4»ad Blagram. — It is convenient to 
determine what distribution of a dead load will give the 
shearing-force diagram of fig. 15 ; this is shown on fig. 16, and is 
made up of a uniform dead Toad 

of \ the intensity of the moving Fv^ ~ , sn 

load, together with the dead [ '*"'«V. | t»r | 

load itself ; a concentrated load — -^ 

of \ the moving load placed at { 

the centre of the span; and a *" 

pair of wedge-shaped loads of F"»- lO- 

\ the total movii^ load, varying 

from nothing at the centre to J the intensity of the moving 

load at the ends of the span. The proof of this can easily be 

derived by geometry from the S. F. diagram. 
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THE THEORY OF BENDITTG AND DISTRIBUTION 
OF STRESS. 

27. SeKign of fiirdeni. — The problem of the design of 
girders divides itself into two parts : tirst, the determination 
of the bending moments and shearing forces at every section of 
the girder due to the live and dead loads; and secondly, the 
ptoportiomng of the various parts of the girder to resist these 
bending moments and shearing forces. The first part of the 
problem deals with the determination of the B. M., S. F., and 
L. diagrams ; the invest^tion underlying the second part will 
now be given. 

28. Hooke*H Iiaw. — Beference has already been made to 
the elastic properties of materials, and also to the safe working 
stress to be adopted under certain conditions of loading. For 
the design of girders, it is assumed that the strains produced in 
any part are always within the elastic limits of the material, 
and therefore that Hooke's law, viz. that the stress is propor- 
tional to the strain, holds under all conditions of loading. 

Let a bar of length L he loaded with a weight P, as in 
fig. 17 : then, if ..4 is the sectional area, the load per 

P 
unit area » - -7. Under the action of the load, the 

■^ A 
bar will increase in length by an amount /; this 
quantity divided by the ordinal length L is called 
the longitudinal strain, and denoted by the letter e ; 
hence, since the material is elastic, it follows from 
Hooke's law that p varies as e or ^ = Ee, where Eiaa, 

constant quantity, substituting y for e, and rewriting 

the equation in the form ^ = -=; then, if » = .E, ? ■• i : 

^ E L^ ^ FiQ. 17. 

hence, the hypothetical load that would stretch a bar 
by an amount equal to its own length is equal to E ; this con* 
stant is called Young's modulus of elasticity. 

29. Application to Beams. — To apply Hooke's law to 
beams, consider a beam of the section shown on fig. 18, and 
made up of a series of laminae. If two equal and opposite 



^ 
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28 THE THKOEY OF BKNBINO AS» DISTRIBUTION OF STRESS. 

couples are applied to such a beam, it will bend into an arc of a 
circle, the upper layers being lengthened or stretched, and the 
lower shortened or compreBeed. There will be one layer which 
undergoes no change inlei^h; this layer 
is called the neutral axis or plane of 
the beam. Let H be its radius. The top 
layer will be increased in length I'; and, 
if Z is the original length of the layers 

before bending, then the strain ■= ^ e. 

Since in circles the arcs are propor- 
tional to the radii, the following relation 
obtains, from fig. 18 : 

B*j L + V / V_ 
S " L "^^ £" £- 
P . 

fore^=-^, that is, the pull on the ^'°- ^^' 

layer varies directly as its distance from the neutral axis, and 
this is true for any value of y. Hence the pull or thrust on any 

layer. § or |.|. 

30. Determination of tbe Ventral Axis. — The forces 

acting on the section of the beam (fig, 18) are two equal and 
opposite couples. Consider one couple : it is made up of two 
equal and opposite forces distributed over the section, and their 
algebraic sum is equal to 0. Now these forces are distributed 
above and below the neutral axis. Consider one layer of 
breadth b and thickness Sy; there is acting on it a pull of ^ per 
unit area : hence the total pull on the layer - p6Sy. 

If the beam is divided into a number of layers, tbe algebraic 
sum of the pulla and thrusts over the whole section = ; or, 

Hy 
what is the same thing, Sbydy ■ 0. From § 29, » =• -—-, substi- 

tuting the value of fpbdy, becomes -^ jbydy ■ 0. This summation 

"has a definite name, and is called the geometrical moment, 
meaning the algebraic sum of each elementary area into its 
distance from some axis. In this case it is to be zero.. This 
can only be true if the neutral axis passes through the centre 
of gravity of the section; for it is the same thing as saying 
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MOMENT OF INEBTIA. 
that the moment of the area about the neutral 8 



31. S($t«r mlnatl on of tbe Dfoment of RestBtance. — 

On applying two equal and opposite couples to the beam of 
fig. 18, it benda into an arc of a circle ; and the internal stress 
in the material resists the bending moment of these couples. 
To determine the stress set up in the different layers, consider 
the layer shown on the section of fig. 18; there is acting on it a 

E 
pull otpb^iy - -= lyly. Now this pull acts with a leverage of y 

round the neutral axis : hence, the moment of the forces acting 

E 
on the elementary area " -^h^Zy. If the algebraic sum of all 

the moments be taten over the whole area, then the bending 

E 
moment M= ■^{h/'dy; this sum has a definite name, and is 

called the Moment of Inertia, and represented by I, meaning 
the summation of eaoh little elementary layer multiplied by the 
square of its distance from Bome axis, in this case the neutral 

E 
axis. Substituting / for J" Jy* dy, the relation M = ■= I is 

obtained, but - = r=-. from 8 29: therefore- - -ir - ^, and from 
y -R y I S' 

pi 
which M" —. Now M is the moment of the external forces 

y 

which is resisted by the moment of the internal stresses of the 

pi 
beam, that is, ^ where p is the intensity of the pull or thrust 

on the layers of the beam, /the moment of inertia of the section, 
and y the distance of the layers from the neutral axis. This 
quantity is called the moment of resistance, and is continually 
required for the design of beams. 

32. nomeBt of Inertia. — The moment of inertia has 
been defined as the algebraical summation of each little 
elementary area of the section into the square of its distance 
from some axis. If the neutral axis is taken for any particular 
section, then the moment of inertia is a minimum for that 
section. The value of the moment of inertia round ajiy parallel 
axis is equal to the moment of inertia round the neutral axis, 
added to the area of the section into the square of the distance 
between the two axes. Thus (fig. 19) let Y be the distance 
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30 THE THEORY OF BENDIKG AND DISTEIBDTION OP STEB8S. 

between the two axes, and y the distance from the neutral axis 
to any elementary area ; then, / for the neutral axis = / h^dy. 
Now the moment of inertia round any other axis will be given 
by the expression 

I ~\h{y + Tfdy ~iby'dy+ 2r fiydy + 7* jbdy. 

Now f bi^dy = the moment of inertia round 
the neutral axis, and J" bydy = 0, since the axis 
passes through the centre of gravity of the 
section, and ^hdyA the area of the section : 
hence, 

/o = / + Ay\ 

If two sections are given of which the 
moments of inertia, /, and /, are known, \ 
referred to the aame axis ; then the moment ' 
■of inertia -^ '' 

Similarly for the geometrical moments. If the geometrical 
moments for two or more sections referred to the same axis are 
known, then the geometrical moment for the whole section is 
the sum of the geometrical moments for the separate sections 
added tt^ether. 

For a gi'eat many sections used in bridge-design, it is necessary 
to split up the section into a number of areas, and to determine 
the geometrical moments and the moments of inertia of each of 
"the areas separately; the sum of these giving the rec[uired 
values for the whole section. 

The moment of inertia of comparatively few sections can be 
■expressed in a concise form. It is therefore preferable, when 
the moment of inertia for a particular section is required, to 
proceed by a method which gives a close approximation rather 
than by deducing complicated expressions for it mathematically. 

Let a rectar^le be given, 
fig. 20, Y and y representii^ 
the distance of the sides parallel 
to the axis XX, and b the 
breadth; then the area of the 
rectangle 



t^^'bdy.h{r-y), 
and the geometrical moment 



f)-Hy-)){ 
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Now h(Y- y) = A, and - 



■ is the distance of the centre 



of gravity from the given axis. Call it «; then. Ax = G. The 
area of the rectangle into the difitance of the centre of gravity 
from the given axis equals the geometrical moment. This is 
true for any section, and can generally be expressed thus : 






Tor the moment of inertia 



= W^y = 



-Ay'-f)- 



Now any section can be divided into a number of rectangles ; 
and by calculating the value of the area, geometrical moment, 
and the moment of inertia of each rectangle separately, and 
adding the results ti^ether, the above quantities are determined 
for the whole section. 

An illustration of the method of calculation for a particular 
section is given in the table below. 



> 


<■ 


y-y 


Am. 


y. 


y-ymy-^') 


K. 


y->' 


ib{y-y') 


12 



3 


3 


38 



9 


g 


51 



27 


27 


108 


6 


R 


3 


IS 


36 


27 


81 


216 


ISO 


378 


I-S 


1« 


10 


16 


2Bfi 


220 


165 


4098 


3880 


1940 


i 


Ifi 


2 


8 


324 


til* 


138 


6833 


1736 


2316 






i 


16 




76 


304 




2163 


5781 




•lii 






400 






8000 







^ = 93 e J = 740 Jj = 10622 

The dimensions are marked on fig 21. Any convenient 
axis is taken in this case AA, from which the distances are 
measured to the sides of the rectangles. The table is now made 
on which the values of the areas, geometrical moments, and 
moments of inertia of the different rectangles are entered, the 
summation giving the values roimd the axis AA for the whole 
section. 
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32 THK THKOKT OF BKNDmG AND DISTRIBUTION OF STKBSS. 

To determine the neutral axis or the centre of gravity of the 
section 

For the moment of inertia the equation 
1^ = 1+ Ay' or I=I^-Af= 10522 

The moment of inertia of the 

Bection, and the working strength 
of the material, being Imown, the 
moment of resistance can be de- 
termined. From § 31 the equation 
for the moment of resistance is 

■pi 

M~ — . Now in the example 

V 
given there are two values of y, 
the distances of the top and bottom 
layers ya and yi, respectively, and "^ 
the stresses on these layers will "^ 
be different Now 



therefore 



Suppose the working strengths of the material 
/, = 4 tons pet square inch in compression, and /j = 5 tons in 
tension. Assume the upper layers to be in compression, and the 
lower in tension ; then 







X 4654 = 2317 in. tons, 
. 1931 in. tona. 
The lesser of the two values is to be taken, that is, the lower 
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layer, cornea to its working str^a/t; but the top layer doee not 

eoniB to ita working streBs /«. If — had been in the. ratio of ■=, 
Vh 5 

then the upper and lower layers would have come to their 
working stresa simultaneously. 

The use of unsyuunetrical sectionB is necessary when dealing 
with materials like cart iron, whose stretch to compreasion 
difTers considerably from that to tension. For mild steel and 
wrought ii'on, the strengths to tension and oompivssion are 
sensibly the same, and consequently the sections ate, as a rule, 
symmetrical. 



i of C^yratlon. — The moment of ineitia admits 
of being expressed in terms of the area of the croBS-section and 
a quantity called the radius of gyration ; the relation is expressed 

by the equation 



Ap'^I, or P-J2' 



where p is the radius of gyration, A. the total area of the section, 
and / the moment of inertia. 

For sections of girders such as shown, in fig, 22, where the 
material is concentrated in the flanges, the value of p ^^ 

approaches ^. Neglecting the web, the moment of 

resistance can approximately be represented thus : 

M'=~= €—B- it y = p nearly, 

y ?f '^ '^ ' 

-pAy; butj/ = ^; 

and A is the total area of the section - 2a, where 

a =.area of cross-section of one flange ; also p -/, the working' 

strength of the material; and substitutii^ 



Fto. 22. 



this formula is useful for the design of the booms of girders, 
and, with care, the approximation gives sufficiently accurate 
resiilts. 

34. Beflectlon off Beanu. — The amount by which any 
point on the neutral axis in a beam moves under the action of 
the load, in a direction perpendicular to the span, is called the 
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34 THE THBOEY OF BENDING AND DISTKIEUTION OF STRESS. 

deflection at that point. In addition to a beam being BufBciently 
strong to cany a given load, it is necesBary that the deflection 
should not exceed certain limits ; in other words, that the beam 
shoidd be sufficiently stiff, The measure of the stiffness of a 
. , , , , deflection 

beam 18 the ratio of the 

span 

Let a beam (Gg. 23) be of uniform section and bent by 
means of couples applied at 
the ends. It will bend into an 
arc of a circle, if 5 is the radius 
of the circle after bending, 
I the length of the span or 
chord, and S = NK tbe deflec- 



tion ; then S (211 - i 



4' 




because the chords in tbe 
circle intersect, and the rect- 
angles under the s^menta 
are equal. Now 5 is small 
compared with R : hence, its 
square can be n^lected, and 
the equation takes the form 

S = off From the equation ^"'- ^^• 

- = -jr = -= of § 31, tbe value of ^ ■ -^^ substituting in tbe 
y 1 si a Ml 



formula for the deflection S = 



9>ET 



The formtda just obtained also applies to a girder of uniform 
strength ; that is, a girder of unifonn depth in which, for any 

section, tbe ratio -= = constant : the form of the deflection curve 

in which the girder bends is then the arc of a circle. Now, the 
majority of girders in practice are designed to carry uniform live 
and dead loads distributed over the span, and are nearly girders 
of uniform strength for such loads ; and tbe preceding formula 
applies, if U and W are the distributed Uve and dead loads over 

the span; then, M = ^ — — at the centre of the span. 

Substituting, tbe formula then takes the form 8 •= ^ — vt » 

and applies to the majority of plate-girders resting on two 
supports. 
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35. Determlnntlon of the Cnrve of Seflectton. — 

For a girder or beam other than in the two eases just given, the 
determination of the curve of deflection requii-es the use of the 
calculus. The expression for the radius of curvature of a curve is 

I, . t&]V 



The solution of this equation applies to few cases ; and, to put 

it in a workable form, the value of ( ■/ 1 in the numerator is 

neglected. The tangent of the slope of the curve = -^, and 

is small in all caBes of beams and girders, owing to the BmallnesB 
of the deflection ; for this reason its square can be discarded in 
comparison with unity ; the equation then takes the form 

1 d^ I M 

Substitute this value, and the fundamental equation 
^ M_ 

for all oases of transverse loading, is obtained. 

To apply the equation, express M a& a, function of x ; then, 
by successive integration, the elope and form of the deflection 
ciirve is obtained. Thus, let a beam of uniform section be 
loaded with a weight in the middle (fig. 24), and take the 



centre D as origin, and the horizontal as the axis of X ; then, 
if / is the lei^th of the beam. 



D3 
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Integrating 

This gives the slope of the curve at any point. Integrating a 



^^y ■ -9- (i^ - ^) + c when x~ 0, y = ; therefore c = 0. 
To get the maximum defection, put x «„^ ; then 

' wt ^'^- 

The maximum deflection of a beam can generally be exprcBeed 
Wl' 
in the form S-n -^, n being a coefficient determined from the 

analysis, the method of proceeding being similar in aU cases to 
that given above. 

For a beam of uniform section uniformly loaded n = 7^. 
These two eases are useful for determining the deflection of 
rolled beams and troughs. 

If the deflection of a beam is determined for a particular 
loading, and another distribution of loadii^ is superimposed upon 
it, then the total deflection at any point will be the sum of the 
deflections due to the separate loads. A.number of cases fully 
worked out will be found in Alexander and Thomson's "Applied 
Mechanics," Dubois' "Graphic Statics," and other well-known 
treatises. 

35a. Proof Deflection. — The proof deflection of a beam 
is the deflection when the stress on the outer layers of the 
beam comes to the maximum safe-working strength of the 
material. From the general formula for the deflection of § 35^ 

Wl' 
and neglecting the coefficient n, the deflection So "^ -^. In this 

expression the factor Wl varies directly as the bending moment 
M for any similar distribution of loading : hence, under these 

MP 
conditions. So a -=rf> th^ expression being of the same form as 

that given for the deflection of a uniform beam bent by a couple 
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(§34), If now Jlf and /are conatant, the deflection varies directly 
as the square of the length. 

Fkhh the general relation of § 31, -== -. Suppose now in 

this equation tbctt p is kept constant, and also that the value of 
J depends on J, that is, the sections of the beams to be compared 
are kept similar ; then, if y varies, M varies with / to preserve 

the equality of the ratio. Under these conditions - can be 

^ . 

substituted for -=■ in the above relation; hence S, be ^. 

1 Jsy 

Now, p and E are constants : thereforfe So «c — ; or, in words, 

y 

the proof deflection varies directly as the square of the length, 
and inversely as the depth. 

36. DlBtrlUniltfii of StrcM.— On flg. 17 a bar was shown 
with a force P acting on it in the direction of ite length ; the 
force was assumed to be equally distributed over the area of the 




cross-section A ; and the intensity ^ of the Btress per unit of area 

P 
was i> - -J. Under the action of this force the material of the 

bar is in a state of internal stress. It is required to determine 
the intensity of these etresses on any plane within the bar. 
Consider the bar shown on flg. 25, and let it be of unit thickne^. 
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and rectangular in section. Draw in any position on the face 
of the bar a rectangle ; and let it be the base of a rectangular 
prism which pierces it in a direction perpendicular to the plane of 
the paper. Consider the stresBes acting on the face of this prism. 
On the face a there is a stress pb ; resolve it into two directions 
perpendicular and tangential to the face a ; then, if 9 = the 
angle between the axis of the bar and the perpendicular to the 
face a, the normal stress = pb cob 6, and the intensity of the 

normal stress per unit of area pa = » p cos'ft The 

tai^ntial stress = pi sin 0, and its intensity per unit area 

pb Bin 6 . . - 

Pt=^ psmecmB. 

Similarly on the face d the intensity of the normal stress 
p'n = p eos'^, and of the tangential stress p't = p sin<^ cos <p. 
Now the sum of 9 + ^ = a right angle ; therefore, sin = cos ^, 
and sin ^ = cos 6, and p ainff cqbB '•p bud^ oob^; that is, the 
tangential stresses per unit area on any two faces at right angles 
within the solid are of equal intensity. This result can- also be 
shown thus : the tangential stresses acting on the face a and the 
face opposite to it, form a couple whose moment ^piod, and the 
tangential stresses on the face d and the face opposite to it, form 
a couple tending to turn in the opposite direction of p^, where 
Pi and pt are the intensity of the tangential stresses on the faces 
a and d, respectively. Since the solid is in equilibrium, these 
couples must be equal, that is, piad = p^da, or p, = pt. The sum 
of ttie normal stresses = p cos'fl + p sin'ff = p ; that is, the sum 
of the normal stresses on any two planes at right angles within 
the solid is equal to the applied stress. 

37. CompoDud Strew. — On fig. 26 a rectai^ular block 
of unit thickness is shown, on which forces of intensity^, a 
thrust, are shown, acting on a pair of parallel faces, and 
forces of intensity q, a pull, act on another pair of parallel 
faces. (By mistake, arrows q show a thrust on the figure.) 
Consider the stresses acting on the faces of a rectangular prism, 
as in § 36, and resolving the forces perpendicular to and parallel 
to the faces ; then the normal stress on the face a-pn=p cos'9 
- q sin'0, and on the face d a= p'„ = p cos'^ - g sin'^. The 
tangential stresses on the face a=j)( = (p + 2)sin6cos0, and 
on 5 = p't = (p + g) sin ^ cos $. As before, S + ^ = 90 ; and 
therefore the tangential stresses are equal to one another, or 
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Pi « p'l. To determine the intensity and the obliquity of the 
stress which would replace these normal and tangential streeses, 
on fig. 27 a small portion of the face a of fig. 26 is shown, 
together with the normal and tangential stresses actii^ thereon, 




the resultant intensity 7 will be obtained by compounding these 
stresses. Since the normal and tai^ntial stresses are at right 



/ - y^(jj eos'O - q sin'fl)' + (p + ?)' sin'S coa'0 

= ^/p' cos'fl + ^ sin'0, 

and the tangent of the angle of obliquity — that is, the tangent 
of the angle between the normal and the direction of the stress — 
equals 

(P + g) sin cos 6 



tany = 



P C08"0 



- q sm"fl 



If now a number of values of are taken, and the values of I 
obtained and plotted to scale, the extremities of / will be foimd 
to lie on an ellipse, of which p and q are the semi-mtyor and 
semi-minor axes. The ellipse so determined is called by 
Kankine the ellipse of stress, because its semi-diameter in any 
direction represents the intensity of the stress in that direction. 
It does not matter what the ratios of p to g are, or whether 
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J} and q BIB of the same or oppoeite aigno— that k, both tensione 
.or thruBta, or ooe a tension and the other a thrust — the lesult 
will always be an ellipse. If g-~ 0, the ellipse becomes a attaint 
line, and when p^ q, a circle. 



37a. Pnre fitkear. — If the intensity of the thrust p equals 
the intenffltr^ of the pull q, that is ^ « - g, and the ai^le 6 = 45°, 
then the stress on that plane is one of pure shear. From the 
equation for the normal intensity, p, = p'„ = 0, and from the 
equation for the tangential intensity, ptise. maximum ; because 
sin 9 cos is a maximum and equal to i. Substituting - q^p, 
the equation for the tangential intensity i8^t=2pxi-j); that 
is, the shear stress is of the same intensity as the applied 
stresses. In loaded beams the stress at the neutral axis is of 
this kind. Also when a shaft is subjected to torsion in planes 
peipendicular to the axis, the stress is one of pure shear. 



38. Principal Strewm— Axe* of Steew.— It is now 
proposed to show that any state of stress, in two dimensions, 



-B 


"™"'/" 




=1 






^z> 


C 


^ 


Pm 


28. 



•AA^ 




may always be replaced by a pair of stresses acting at right 
angles to one anotJier. Let any two streases be given in any 
directions and of any mi^nitude. Draw any two planes AB, BC, 
at r^ht angles to one another (fig. 28) on which the streasoa 
act, and resolve these stresses, normal and tangential, to the 
given planes, as in § 37. 

Let the sum of the intenBitiee of the normal components be 
p\ on the pkne AB, and y„ on the plane BC. Also let the sum 
of the intensities of flie tangential components be p't on the 
plane AB, and pt on the plane SC Since these planes are at 
right angles to one another, p'% — pt. 
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Now, if it ia possible that two streBseB, at right angles to one 
another, can replace the given streeaes, they must fulfil the 
conditions obtained in § 37 ; that ia, 

Pn=P cos'fl ± q aia.% p\ - p sin'S ± q coa'S, 

and pt •= p't = ip ^ q) Bin 6 COB 6 ; 

the upper and lower bwhb beii^ "taken according as the stresaes 
are of the same or di&rent Idnda. To determine the angle 6 
frcan these equations, subtract the first two equationa from one 
another, and divide the result into the third, thus : 






Pi (ffT g) ainfl COB g 

Pn -p'n ip ? 2) (cos'ft - sin" 

therefoBB % ■ •= tan 2$. (1) 

Pn-p'n 

Tim equation always gives two values of differing "by 90°, 
showing that two planes at right angles can be found on which 
the strwsea p and q are wholly normal. 

To determine the magnitude of the stresses, re-write the 
equations for p„ and f/„ in the form 

p ~pa = iP^ g) ein'fl and p -p'n = ( f T S') cos'fl, 

and multiply the equationa together thus : 

(P-Pn)(p-P'^) - ip± qy Bin'fl coa'e -V- (2) 

A similar equation can be deduced for q. The roots of this 
quadratic equation give the required stresses p and q. Having 
now determined the quantities 8, p, and q, the elhpae of stre^ 
can be drawn : p and q are called Principal Stresses, and their 
directions the -Axes of Stress. 

Eig. 29 shows the direction and kind of stresses which would 
replace the stresses given on fig. 28. The pt^ticular case in 
which one of the normal streases is zero occurs when a direct 
stress and a shearing stress are given. Let p'„ - 0, and put 
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s = pt the shearing stieas ; equations 1 and 2 may then be 
written 

Pn tan 2$ =. 2s, (3) 

therefore 

Of the roots of the quadratic, the greater stress has the sasae 
s%n as that of p„, and the other the opposite. By eliminating 

Pn from the above equations the value of tan ■=> - is obtained. 

Hence, of the two values of d given by equation 3, the one less 
than 45° must correspond to the greater value of p, and the 
major principal stress is of the same kind as p„, and inclined to 
it at an angle less than 45°, 

39. Approximate DlBtrlbation ofBendlns and Sbear 
Streis 1b J-sectlon Beams and eirder. — The majority of 
beams and plate^rders in practice are of this section, and when 
loaded are in a state of compound stress, the material having a 
double function to perform in resisting the bending moments 
and shear stresses. On fig. 30, one-half of a beam of l-seetion 



with equal flai^es is shown loaded at the centre with a weight W. 
It is sufficient, as a first approximation, to assume that the bend- 
ing moments are taken up by the flai^es, and that the shear 
stress is uniformly distributed over the web. Take ^i and Ki, 
two transverse sections of the web, at distances JTi and X, from 
the centre of the beam, and let 2a = the span ; then the bending 
moment at Ki is 

Mi-iW(a-Xi), and at Z', M, = iW(a--Xt). 
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Now, the flanges ate assumed to take up the whole of the 
bending stress : hence, if f is the stress on one of the flanges, 
Sh " M, where A is the depth of the girder (§ 33) ; therefore 
at Ki the value of 

S-.--A__^. andat S. . _^^^, 

similar values of JT, and S^ but in the reverse direction, acting 
on the lower flange. The difference of these two stresses 



2A^ 

tends to push the upper edge of the web in one direction, and 
the lower edge in the opposite direction ; on the other hand, the 
shear stress on the web at the sections .^i and Ki tends to turn 
the web in the opposite direction, and these couples acting along 
the edges of the rectangle must be in equilibrium. Now, it has 
already been shown that, on any two planes at r^ht angles, the 
tpangential stresses are of equal intensity (§ 36) : hence the tan- 
gential etreases on the upper and lower edges of the web joining 
the flange must be the same as the shear stress on the edge of 
the web at right angles to the flanges. This can also be shown 
thus : the moment 

let s' be the intensity of shear stress on the upper and lower 
edges of the web, and t the thickness ; then 

hence the moment 

(.ff, -fl■,)A = s'((a^-I;,)^■ 
Let the intensity of the shear stress on the web = s; then 
W 

sth m — = the shear stress at the section, and its moment 

- sth (xi - X,) ; and these moments are equal for equilibrium, or 

s,ih (xi - X,) " sih(xt- X,) : 
therefore, s, = s. 

It follows from this, since the normal reactions on the rect- 
angle are zero, that the web is subjected to a pure shear stress. 
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Now, a pure shear stresa is made up of two direct stresses of 
equal intensity, and of opposite signs acting at right angles to 
one another (§ 37); hence the web, under these conditions, is sub- 
jected to thrust and tension on lines inclined at 45° to the axis, 
somewhat as shown on fig. 30. Since the flanges are supposed 
to take up the bending, the area of any cross-section is propor- 
tional to the bending moment at that cross-section, and the area 
of the web at any crose-section ia proportional to the shear stress 
St that section. 

40. Dlatrlbvtlon of Sbear StreM.— In beams and plate- 
girders the bending moments and shear BtresseH give rise to a 
state of compound stress throughout the material ; the stresaes 
due to the bending momenta have already been investigated, 

and the general equation-t-^ -y was obtained in § 31 : the dis- 
tribution of the shear stress now requires investigation. On 
fig. 31 a portion of a rectangular beam is shown which is under - 




stress, due to some distribution of loadii^; two sections, AA^, 
Bff, are taken at a distance of Bx apart; at AA' there is a 
bending moment Mi, and at B^ a bending moment .^i, Mi 
being > Mj. 

Consider the section AA' : it is exposed to a shear stress 
distributed over it, the total amount of the ahear atresa being 
.Vepresented by the arrow S. Part of this shear atreas is taken 
up by the face of the parallelepiped in the plane A. Now, 
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whatever may be the intensity of the shear stress on this face> 
it must be of the same intensity as the shear stress acting on 
the upper face EE of the block (§ 37); hence, if the shear stress 
on this face ia known, it is determined for the other face also. 

Let Pi and i*, be the total stresBes on the faces AE, BE, 
respectively ; their differraice Pi - P-, produces a shear stress 
on the face EE of the square block. I^t s be the intensity of 
that shear stress, and zSx the area of the face EE, z being the 
breadth of the beam : then ar&E = Pj - P^. 

To determine Pi consider the section AAi. The stregs p on 
any layer is proportional to its distance y from the neutral axia ; 
hence 

P P" P« 

- .- ■^— , or p = 5— y. 

y y.L ya 

Now, the stress over the face AE is 

where is the geometrical moment (§ 30) of the face AE with 
regard to the neutral axis. Similarly 



P^ being the stress on the outer layer at the section BB. 
Substituting for Pi and Pi, 



^ = Pi-P,=^-^^G; 

Pa M, , Pb M, 

— =-y, and -^ - -jT ; 



P^-Pb 



M, - Mj AM 



where A JIf is the small difference of the bending moments on the 
sections AA', SB, at a distance dx apart. Substituting, the 
equation obtained is 



SZ6X = —Y~ ". or s 



.mi; 

Iz 
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but in the limit - 



- •• F, the shearing force at the section : hence, 
"" FG 

where / is the moment of inertia of the section about the 
neutral axis, and z the breadth of the section at the parallel- 
epiped. The value of the intensity of the shearing stress s, so 
determined for the upper face ££ of the block, is also the 
shearing stress on the face of the block in the section AA'. 
Also, since the parallelepiped is supposed to be indefinitely small, 
the shearing strrases on its other two faces are of the same in- 
tensity, but of opposite sign. If the shearing force be evaluated 
for any position of the parallelepiped in the face AA', the value 
of s will be proportional to the geometrical moment G, and in- 
versely proportional to the breadth z of the cross-section, F and 
/ being constant for any one cross-section. Now, in similar 
sections, the ratios of G and s to one another are the same : 
hence, the distribution of the shearii^ stress s depends only on 
the form of the cross-section. 

41. BectaMfMlftr Crosa-Seettoii. — Let the rectangle shown 
•on fig. 32 be the cross-section of a beam. 
Using the result of the preceding invea- '•.. 

tigation, what is the distribution of the 
shearing stress ? Noteinwhatfollowsthat 
s = q,^ = ^, and So => jo on figs. 32 and 33. 

Since 2 = 5 = constant, s will vary di- 
rectlyasthegeometriealmoment(?. Now, ^ 

o.£M»-^(f-y) 

(i 30). This is a maximum when y = 0; , 
that is, for one-half the section round ' 

the neutral axis. When y = ± „ , the 

geometrical moment - ; that is, when the cross-sections become 
equal to nothing at the top and bottom of the beam. FuttiI^; 
in the above value of C in the equation, and for / its value 




I 2 



Vr». 
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when y =0; this reduces to 



So = 4 



25Aa, 



bh' 



Substitute this value for F in the above equation ; thea 



-ty 



Suppose the shearing stress to be equally distributed over the 
cross-section, then its avenge intensity 

F F 

-' - and the maximum intensity is s, - •§■ - 



IK 



^Vh 



at the neutral axis: hence, the averi^ is to the maximum 
intensity in the proportion of 2 : 3. 

On drawing the curve showing the distribution of the 
shearing stress at any cross-section, the parabola shown on 
the left-hand side of fig, 32 is obtained. The ordinates OY, 
OA are drawn at right angles, OA being in line with the 
neutral axis. Marking off OA = s^ to some scale, and plotting 
other values of s perpendicular to 01^ to the same scale, the 
curve showing the distribution of the shearing stress can at 
once he determined. 

42. Holtoir Reetansnlar SecHon or DoHble T' 

Section. — The sections shown on Bg. 33 are important, as 



J 


ft=>2 




• 


i: 


jv f:^''fM'-M*lr"- 


ica 








'y \ 




H ■ !l 




i?I 




/ ^ 










^ Xa:rLrS:S-t 



Fi6. 33. 

they approach the form of the crosB-seetions of beams and 
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plate-girders in practice. To determiue the distribution of the 
shearing streBs, using the lettering and dimensions shown on 
the figures, the following are the required data : — 

Area of cross-section ^-.A =*BH - hh. 



Q~.-^{n*-h?) + [ — 9~)(x~^) for values of y between 



z = B ioT values of y between ± ( -^ and ^ ), and {B - h) for 



/ - T% {BH^ - bh') for the total section. 

Putting in the above values, the equation for the shearing 

stress becomes, for values of y between ± (-„- ^n"! 9). 

, B /ff' A 



I z ■^{BE'-hh')(B) 
h 

^^ I z -fj{BE'-bh')(B-h) 

The maximum value of the shearing force is, as before, at the 
neutral axis. Putting y = 0, then 



^ {BH' -~hk')(B- b)' 
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and the average intensity is 

' -F 

^ " BH-hh' 

therefore, ^ ABIP~h}v'){BS-hh) 

7 " * [BIP - hh?) (B-b) 
For the dimensions given on fig. 33, 

So = -OSSF, ~ = 2-4. 

The locus shown on fig, 33 gives the distribution of the 
shearing stress on the cross-section ; it also gives the distribu- 
tion of the shearing stress on the horizontal layers of the beam 
at that cross- section. Now, in passing from the horizontal layer 
at K from the flange to the web, there is a sudden change in 
intensity from KL to KS: such a sudden change cannot and 
does not take place in the actual beam ; and hence the investi- 
gation only points out approximately the real distribution of the 
shearing stress on such irregular sections. Any sudden charge 
in the intensity of the shearing force would require the hori- 
zontal shearing force at iiTto be infinite in amount; whereas, in 
reality, the change takes place continuously in passing from 
layer to layer. The investigation, however, shows that any 
sudden change in the shape of the section always involves a 
great change in the shearing stresses; and for that reason 
comers should be always filled in, and sharp changes of section 
as far as possible avoided. If the comers of S and L are 
rounded off so as to show a continuous change of the shearing 
force, it will give some idea of its true distribution. 

43. L.lne» or StreM In Beamg and Plate-filrflers.— 

It was shown in § 38 that any state of compound stress in two 

dimensions could always be reduced to two simple stresses acting 

at right angles to one another ; 

also, the particular case in which 

one normal stress tc^ther with 

a shear sti'ess was examined. 

Now, consider the equilibrium 

of the parallelepiped D of fig. 31 , 

and shown repeated on fig. 34 : 

it is exposed to two difierent 

Mnds of stress — a shear stress of '"' ' 

known intensity, § 40, and to a direct stress p„, also of known 
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intensity, giveu from the relation - = -=■ of 1 31 ; if, then, these 

twa stressee be evaluated at any point, the directions and inten- 
eitiea of the two principal Btresaea can be determined. Thus, if 
s is the intensity of the shear stress, and p^ the inteasity of the 
normal stress, the principal stresses are given by the equation 



the greater principal stress being of the same sign && p„ ; the 
angle of inclmation B is given by the equations 



tan2fl = 



and tan 6 = - 



attention being paid to the signs of the streBses. On drawing 
the directions of the principal stresses thus evaluated at any 
point, and then again evaluating the principal stresses at a point 
near to that point, and taken on the line of direction of one of 
the principal stresses, and so on for a number of points, a curve 
will be obtained which is called 'a 
line of Principal Stress.' On fig. 35, 
these lines of principal stress are 
shown for a rectangular beam loaded 
at the centre, and on fig. 36, for a 
plate-girder, loaded at ^e centre — a little more than one-half 
the girder being shown. The curves have the following pro- 
perties : they cut the neutral axis at 45°, the bending moment 




there being zero, j)„ = ; and the stress is one of pure shear, 
20 = 90°, and = 45°, They intersect at 90", the tangents giving 
the directions of the principal stresses at the point. They meet 
the upper and lower edges of the beam at 90° and 0°, respec- 
tively; on fig. 36 the lines of thrust are shown by thick lines, 
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and the lines of tension by thin lines crossing the lines of thrust 
at right angles. If figs. 35 and 36 are compared together, it will 
be noticed that the Unea of stresB of the plate-girder are inclined 
approximately at 45" throughout the web, except for the small 
portion of the girder near the centre, and that these lines of 
stress rapidly change their inclination in passing from the web 
to the flanges, § 42 ; whereas, in the rectangular section, there 
is no sudden chai^ of curvature in the lines of stress, the 
change being continuous, and the inclination of the curves only 
approximating to 45° near the neutral axis, 

44. Practical SedaeUons, — The forgoing investigation 
leads to the conclusion that, in the design of plate-girders, it is 
sufficient to assume, as in § 39, that the flanges resist the bend- 
ing moments, and the web resists the shear, and that it is 
(miformly distributed over the croas-section, the Hoes of stress 
being inchned at 45". These theoretical deductions were strik- 
ingly confirmed in the experiments carried out on the large 
model of the Britannia Tubular Bridge,* the lines of stress 
being shown by experiment to slope approximately at 45°, the 
aides of the girder being drawn into waves along these lines. 



• Ckrk, on tlie BriCannU and Couwaj Tubular Bridge, pp. I 
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THE BESIGN OF PLATE-GIRDERS. 

45. irorklBB Strcact* t* Shear, and DlMtHbntion 
ef Shear SkrcH. — In §§ 39 and 44, it was shown that it is 
sufficient to assume that the shear stress on any vertical sectioa 
is uniformly distrihuted. Consider the plate-girder shown on 
Gg. 38, if any vertical section is taken, and the total shearing 
force F at that section is known, then the sectional area A of 
the web will be 

F 
A'=-, or F~ As, 



where s is the intensity of the shear Btresa. Under these con- 
ditions, the web-plat« is subjected to equal intensities of thrust 
and tension, g 37, on lines inclined at 45". 

It was pointed out in § 4 that the strengths of iron and 
qteel to tension, compression, and pure shear are approximately 
all equal to one another; and this will also be true of the 
working strengths. Let /„ /(, and /, represent the working 
strengths of the material to compression, tension, and pure shear, 
respectively. Since these are all equal, one common symbol / 
can be used to represent these strengths. Now, the symbols 
p, q, and s represent the intensities of the stresses to thrust, 
tension, and pure shear, respectively ; and these are all equal. 
Put the worMng strengths for the stresses ; that is, 

F 
then the formula above for A *• —, substituting/ for s, gives 

4 ^ 



„ ; also the intensities of the stresses to thrust and b 

on any two strips such as BB, CO are equal to /; the area of the 

cross-section A varyii^ with the total shearing force F. Let 
D ■= the depth of the girder, and t = the thickness of the web ; 
then 



From this it follows that, as D increases, t decreases. This 
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result would be literally true within a wide range of the depth, 
were it not that the failure of the web due to budding requires 
to be considered. It is the addition of the material to the web 
for this purpose that fixes the economic depth of the girder. 

A question of some difficulty requires to be considered here, 
The Btrip GG (fig. 38) may be looked upon as being placed side 
by side with the strip BB; then, instead of the stresses acting 
through the solid web as a, pure shear stress, the stresses would 
be transmitted by the strips independently as in a lattice-girder. 
Would the material, if it were thus disposed, be weaker than in 
the soHd web ? 

Now, / is the intensity of the stress on the strips GG, BB, 
one being in tension and the other in compression. 

Neglect, as before, all consideration of the additional material 
required for stiffening, that is, the material to be added to the 
strip BB to allow it to act as a strut; then the intensity of the 
shear stress on a vertical section would be 



since Q = 45° (§ 36). The thickness of the two strips is the same 
as that of the web : hence this diatribution of the material would 
only transmit one-half of the shear stress, and would require that 
the thickness should be doubled. 

In this work, for the design of the web of plate-girders, the 
lesser of these two values will be used ; that is, the working 
strength of the web to a shear stress will l>e//2, and the formula 

for the area becomes A = — , this value giving a result more in 

accordance with practice, and also eliminating much of the un- 
certainty for the thickness of the web when the relative yielding 
of the web and struts comes to be considered. 



46. Strenglb of Materials under Coniponn4 StreM. — ■ 

The result contained in § 45 requires that the strengths of the 
material under a compound stress should be carefully considered. 
It has been already remarked that the strengths of materials, 
such as iron and mild steel, to tension, compression, and pure 
shear, are nearly all equal to one another. These results, 
obtained from experimental tests, point to the following remark- 
able deduction, viz. : — That a bar subjected to a direct stress of 
tension or compression is not weakened by being subjected to 
B of any value less than the given stress either of the 
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same or opposite kind in planes perpendicular to that of the 

given stress. 

A bar of mild steel, subjected to tenBion or compression, 
breaks with the same intensity of stress in both cases : consider 
what happens to the bar when subjected to the torsion test. 
On planes perpendicular to the length of the specimen, the 
stress is one of pure shear, that is, it is subjected to direct 
tensile and compressive stresses ; these stresses are equal to 
one another and to the shear stress; but the breaking shear 
stresB ia of the same intensity as that of the bar when broken, 
either by tension or compression ; hence, there are two stresses 
acting on the material at right angles to one another, either of 
which would fracture it if applied separately. Experiments on 
the breaking-strength ot spherical shells also point to the same 
result, the material in this case being subjected to two Btresses 
of the same kind at right angles to one another ; and the break- 
ing-strength has been found to be approximately equal to that 
of the tensile strength of the material. Further experiments 
are required on materials under compound stress before any 
generalisation can be made ; up to the present, the experiments 
point to the deduction already given. 

47. Ttae Plate'Slrder eongidered as a l>attlee-Birder. 

— In § 45 it was deemed advisable to treat the web of the plate- 
girder as being made up of separate parts in thrust and tension ; 
from this point of view it may he considered as being derived 
from the lattice type of girder. Suppose the girder on the left 
half of fig. 37 to be made up of a web-plate and struts, as shown, 
and carrying a. uniformly-distributed load which is transmitted 
to the girder at a number of points directly under the struts, 
placed at equal distances apart, such as Wi, Wi, etc. 

Consider i,he web-plate to be made up of a series of ties 
transmitting their stresses through the flanges to the struts: 
such a girder would be of the double triangular or lattice type. 
Owing to the ties being of considerable breadth, the transmitted 
tensile stress would give rise to a bending of the flanges round 
the ends of the struts ; the wavy line on fig. 37 shows, in an 
exaggerated manner, the effect of this bending on the flanges. 
If any vertical section be taken such as AA, the area of the 
cross-section of the struts and ti^ will be, as before, 

n^lecting all consideration of the additional material required 
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for stifieiiiiig the struts. This area is divided equally between 
the web and struts. Now, suppose the material in the struts to 
be spread equally over the web, then the struts and ties would 
cross continually, as in fig. 38, the result being a plate-girder. 
This distribution of the material would not be so efficient, 
owing to the weakness of the plate, considered as a strut, to 
transmit thrust, although its cross-section would be of sufficient 
area to transmit the shearing stress. 

On the left half of fig. 39 a ptate-girder is shown with 
vertical struts. As in on N-gifder, the web is supposed to be 
made up of a series of ties transmitting their stresses through 
the fianges to the struts, the wavy line, as before, showing in 
an ex^gerated way the effect of the bending of the flanges 
round me struts. Under these circumstanceB, the cross-section 
of the web will be, as before, 

2F 



and, in addition to this, there is the material required for the 
struts. 

Suppose these struts to be spread over the web. Eesolving 
the stresses in the web vertically and horizontally along the 
booms, the additional area, neglecting the material required for 
stiffening, would be 

^ - r 

hence, the volumes of the webs for two similar girders, with 
vertical and inclined struts, respectively, would be as 2 ; 3, 
the conditions of loading and span being the same in both cases. 
The material required for stiffening the struts, etc., modifies thia 
ratio considerably, as the analysis given in g§ 65-74 will show. 

When considering the plate-girder from this point of view, 
the web is assumed to be in tension, whereas in reality in thia 
type the web transmits both thrust and tension — the tension 
being always greater than the thnmt ; and it is the excess of 
the tension over the thrust which is transmitted through the 
flanges to the struts. The same argument, though in a much 
less degree, applies to the girder of fig. 38, with struts of 45°, 
the struts in this ease taking the greater part of the thnast. 

Hitherto, the tendency in the design of plate-girders haa 
been to look upon the web as transmitting the shear stress; 
and that the object of placing stiffeners on the web was to 
stiffen it for that purpose. Considered from this point of view. 
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the stiffeners play an impoi'taDt part, aa well aa struts, and muBt 
be designed accordingly. 

The exact proportion between the stresses of thrust and 
tension in the web is a problem of almost hopeless complexity, 
and can only be approximately solved ; however, aa a rule, so 
small a proportion of the thrust may be considered to be taken 
up by the web, that in moat eases it can be neglected with little 
error in the final design. 

48. The W^eb considered with Strnto.— On figs. 37, 
38, 39, three types of plate-girders were shown. Consider a 




portion of the web of fig. 37 with struts at 45°, as shown 
enlarged on fig. 40. Under the applied forces of thrust and 
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tension, the web would yield, throwing the thrust on the strute ; 
that is, the web, being flexible, yields relatively to the strut, and 
the greater part of the thrust comes on the strut Ab already 
remarked (§ 44), the experiments on the model of the Britannia 
Bridge showed that, under these circumBtances, the web tends 
to break up into waves somewhat as on fig. 41. If now the 
material in the struts is spread over the web, as in fig. 42, it is 
in the same condition aa in the girder of fig. 38, and transmits 
both thrust and tension, and the web itself must be considered 
e£ a strut ; lastly, the struts are vertical, as on fig. 43. One bay 
of the girder of fig. 39 being shown, the greater part of the 
thrust is transferred to the joint A, resolution of the stresses 
taking place along the struts and flanges, as shown at £, C, D, 
respectively, the web parallel to the Une BC being in tension 
and_ thrown into waves at right angles to it. 

49. CrlUcUm of the Analysis. — The design of plate- 
girders upon the lines indicated shows a marked savii^ of 
material in the web as compared with girders aa at present 
designed ; and for that reason the validity of the assumptions 
should be criticised. 

In taking the working value of//2, instead of/(§45), this 
gives a factor on the side of safety. In most girders, owing to 
the thickness of the web being small, compared with the depth 
of the girder, buckling of the web tends to take place in spite of 
stiffeners, and makes the condition of pure shear an impoBsibiHty ; 
hence, the stiffeners must also act as struts ; the shear stress of 
the material then approaches the value of //2, and is equal to it 
when the web is wholly in tension and the struts under thrust. 
For this reason, then, the value //2 errs on the side of safety, 
and is the more rational value to adopt ; on the other hand, for 
girders which approach the type of rolled gii-ders, in which the 
web itself acts as a stiffener or strut, a higher value can be 



At first sight, this would appear to give marked economy 
for girders of this type ; but the uneconomical distribution 
of the material required for stiffening the web as a strut in 
girders of any depth very quickly nullifies any advantage in 
this respect. 

A web-plate with properly-designed stmts will be stronger 
than a web-plate with stiffeners, when compared together under 
like conditions, the web-plate being thin compai-ed with the depth 
of the girder. For short, shallow girders, this would not hold 
true, for the reason juBt mentioned, namely, that the web acts as 
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a strut, and a higher value than //2 can be adopted in ordinary 
cases ; this limit seems to be when the depth of the girder ia 
about two feet. 

In the examination of old plate-girders with vertical struts, 
the line of wear of the rivet-holes in the web is at 45° ; this is 
strong confirmatory evidence that the stress in the web is princi- 
pally one of tension on lines at 45°, and that the stnita are under 
compression. If the stress were one of pure shear, the wear would 
of necessity be along horizontal lines. 

It follows, then, that plate-girders designed on the assump- 
tion that the web is in tension and the struts under thrust 
will err on the side of safety; because it has been shown 
(g 45) that, if the web is designed on the ordinary theory of 
transmitting the shear stress alone, less material would be 
required. Owing, however, to the complexity of the problem, 
the material required for stiffeners does not admit of- accurate 
solution, and the tendency is then to have an excess of material ; 
whereas, in the other case, the problem is more determinate, 
and the stresses on the web and struts can be solved with a fair 
degree of accuracy. If, then, a girder is designed of sufficient 
strength on the Unes of this analysis, it will be of more than 
sufficient strength when judged by the ordinary theory. 

50. Thlcliness of VTeb and Spaelng of Struts.— The 

shearing force at any section being known, the area of the cross- 
section of the web, or of the web and struts when inchned at 
45°, or of the web when the struts are vertical, is 

if the material required for stiffening is neglected. Now, if the 
S. F. diagram is given, as in fig. 49, the shearing force at any 
section is known, being proportional to the ordinate drawn 
through the diagram at that section. From this it follows that, 
if a horizontal cross-section of the web, or web and struts, is 
taken, its area would vary point by point, similarly to the area 
of the S. F. dit^ram. 

Now, imagine a plate-girder, as in fig. 44, with a number of 
ribs spaced close together on either side of the web, so as to 
form a ribbed plate : the stresses in such a girder would be much 
the same as that of fig. S8. If a horizontal section is taken as 
shown, the area of its cross-section would vary point by point 
similarly to the area of the S. F. dif^^am. This increase of area. 
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could be allowed for in two ways so far aa the riba or struts are 
■concerned, either by increasing their 
width and thickness, or by spacing 
them closer tc^ther. Now, suppose 
the ribs are kept of constant section 
and the shearing force to vary, the 
number of ribs required at any section 
would then vary in exactly the same 
proportion, or, stated in other words, 
the number of ribs required per unit 
length along the girder would be pro- 
portional to the area of the shearing- 
force diagram per unit of length. 
From this it follows at once that, by 
dividing up the shearing-force digram 
into a series of equal areas by lines 
perpendicular to the base, the re- 
quired number and distribution of 
the struts are obtained. The shearing- 
force diagram on fig. 49 has been so 
divided, giving the distribution of the 
struts when of constant section, the 
struts being either vertical or inclined at 45". The stmts can, 
of course, be spaced in some other manner, as, for instance, at 
equal distances, the cross-section of the struts then varies propor- 
tionately to the intercepted areas of the shearing-force diagram. 
Both these cases ai-e treated of in the design for the girder of § 56, 




51. Struts. — To determine the dimensions of a strut to 
carry a given load, the Eankine-Gordon formula will be used, 
as it gives results which are most nearly in accordance with 
experiment. 

The formula may be derived as follows: — Let a strut of 
length I, with round ends, carry a weight W (fig. 45). Under 
the action of the load the strut bends, the deflection being k. 
U the material is stressed to its working stress, k is the proof- 

p 
deflection. For similar sections similarly loaded, A; oc — (§ 35), 

where y is the depth of the section. Now, at the section at A 
the strut is transmitting the direct stress due to the load, and 
-also that due to bending, Let^'^ii = W where p' is the direct 
stress per unit of area, and A the area of the cross-section. 
Superimposed on this stress are the stresses due to bending. 
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The bending moment M- Wk=p'Ak =^ (§ 31). 

for I its value Ap" (§ 33) ; then ■^, - ^ ; but i cc -, 
V P y 

where c is some constant : hence, 



Add unity to both sides of this equation, 

then 



Now, p' +p equals the sum of the stresses 
due to the load and to bending, and is equal 
to/, the working strength of the material ; 

W 
also p = -J-. Substituting these values, 

and reducing, the formula takes the form 



Substitute 
I' 



l'\ 




Fio. 4 



1 + c 



which is the Bankine- Gordon formula. 

For struts with round ends, c =■ y^j j for 

fixed ends, c = a^^^ ', and for partially 

fixed ends, or for one end fixed, and one end round, - ^ ^ ^ l^^ ; the- 

value of / depending on the manner of loading of the strut 

(§ 9). Let W -fAi, where Ai represents the area required for 

a very short strut, and substitute in the above equation ; then 



A -A, fiy 

A, 'Vpj' 



Now let A - Ai- Ai. This portion A% of the total area of the 
erosa-aection may be looked upon as that required to strengthen 
the strut against beudii^, and the other part of the area carries 
the load ; hence. 



fA^, 
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62 THE DESIGN OF PLATE-GIRDERS. 

the moment of inertia of that pai't of the croBS-section due to 
bending, substituting W -= ■^. Compare this with Euler's well- 
known formula for stmts, viz., W - — ^ — , where E is Young's 
modulus, the other terms having the same significations, the 



does not take into account the area required to support the 
load, and this area can only be neglected when it is small 
compared with the area required for bending, and this only 
occurs in long struta : hence, Eiiler'a formula only applies to 

such cases. 

52. Equivalent Eiength of Booms. — For the design of 
the booms of girders, it is not only necessary to determine their 
sectional areas to resist the direct stresses under thrust and 
tension : the top boom under thrust must, in addition, be strong 
enough to resist bending as a strut. For the majority of girders, 
a breadth ot -^ to -^ the span is commonly used for the 
booms ; and this has been found in practice to give the necessary 



Suppose the girder loaded with a uniform load over the whole 
span — this being the distribution of the load which gives the 
maximum stress (§ 24). The B. M. and S. F. diagrams will be 
as in figs. 9, 10. The thrust on the boom at any section is pro- 
portional to the ordinates of the B. M. dii^ram, the depth of 
the girder being constant ; or, in other words, to the area of the 
S. F. digram, since M = / Fdx. 

If the S. F. diagram is divided up into a number of small 
areas, and loads proportional to these areas be applied to a 
number of struts whose lengths are twice the distance of these 
areas from the centre of the boom, then the determination of 
the sectional area of the boom, considered as a strut, would 
resolve itself into the determination of the sectional area 
required by the sum of a number of struts carrying the 
varying loads. 

Using the Bankine-Gordon formula in the form 

and keeping the radius of gyration constant for all values 
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EQUIVALENT LENGTH OF BOOMS. 63 

of the lengths, then the required aummation would be of the 
form 

9 , 

P 

Ti^> + -,W,k'^fA-,, etc., 



P' 

but SB^= Q, the thrust at the centre of the boom, and ^A = the 
area of the section. It only remains to determine the value of 
the "SWl*, which can be done as foUowa; — 

Let 1/dx be the small thrust on the length of the strut 2x; 
then the required summation can be expressed as 

4 J x'ydx and y = ax, 

= 4a Ja^rfj; 



■H 



but from the S. F. diagrai 
I' 



2 ' 
hence the equivalent length = — -= = •Tl. 

Hence, in designing the boom as a stmt, it is sufficient to 
consider it of the equivalent length -ll under a thrust Q. 

An aUowanee for rivet-holes must be made when determining 
the gross sectional area of the boom under tension ; for the boom 
nnder thrust, no such deduction is necessary. As the rivets fill 
the holes, and help to transmit the thrust, it will be found when 
this is done, that with a breadth of boom of -^ to ^, the span, . 
the extra material required to resist bending as a strut is, as a 
rule, small, and for short spans can be neglected altogether. 
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53. Iilve I^eads •■ Mailwaf VBder-brldses. — ^These 
depend upon the locomotives and rolling-stock for any parti- 
cular railway, the equivalent uniformly-totributed loads for a 
single track adopted by the various British railways showing 
considerable variation. On the diagram of fig. 46, the values 
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adopted by seven of these, as given by Conradi," are shown ; and 
also to these there have been added the moving loads adopted 
by Farr.f To allow for the extra stresses due {a) to impact 
owing to the load being suddenly applied, (S) to tie badly-laid 
or maintained state of the permanent way, (c) to badly-balanced 
locomotives, {d) to the angle of obliqtiity of the counectii^-roda 
of the locomotives, Farr adds a percent^e to the moving load ; 
this is shown by the lower dotted line on the diagram : the 
addition of the ordinates of this curve to those of the moving 
load gives the curve for the maximum load, with percentt^ for 
impact, as shown by the upper thick line. The moving loads, 
as given by Farr, are the maximum loads obtained from the 
comparison of a large number of locomotives in use on British 
railways ; no standard of loads having been yet adopted, they 
are specially useful for the purposes of design. 
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LIVB LOADS ON ROAD-BRIDGES. 65 

The moving loads on the cross-girders are ehown on the 
diagram of fig. 47, together 
with the allowance for im- 
pact, the allowance for impact 
in this case being greater 
than for the main girder. 
This seems reasonable, as the 
floors and cross-gii-dera yield 
relatively more than the main 
girders, and are more affected 
by the periodic stresses due 
to this cause. 

The following formulae, 
which have been deduced by V 
the author from Farr's paper, - 
give, with considerable accu- 
racy, the maximum values 
contained therein ; — 

The equivalent moving 
load in tons per foot Fia. 4T. 

span in feet 

With the percentage allowed for impact by Farr, the formula 
is — The equivalent movii^ load in tons per foot 
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span in feet 



- 1-75. 



These fotmulse show that the equivalent moving load d ^ 
upon a constant which is the equivalent moving load over a span 
of maximum length, tc^ether with a constant load divided by 
the span. 

The whole question of the equivalent moving load can there- 
fore always be reduced to an equation of the form 



the value of the constants A and B depending only on the 
rolling stock for any particular railway. 

54. Uve T^oada on Road-bridges. — The maximum 

weight per square foot of a crowd is given by Stoney as 
147 lb, ; according to Fidler this appears excessive : he 
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66 THE DESIGN OF PIATE-GIKDEatS. 

recommenda 1 cwt. for bridges open to the public near busy 
thoroughfares. 

ProviBioE also requires to be made for loads such as traetion- 
engines and the like, the concentrated loads on the wheels of 
which may vary from 5 to 10 tons. Such loads may produce 
great local stresses ; and, in designing such bridges, rolling and 
uniformly-distributed loads should be taken into consideration, 

55. Head Iioad. — For road-bridges, this is subject to so 
great variations that definite data are not available ; for 
railway under-bridges, the weight of flooring and wind-bracing 
for a double track resting on two main girders is estimated by 
Sir B. Baker as follows : — 

Span in feet. r.vt. per foot-run. 

10-100 14 

100-150 15 

150-200 16 

200-250 11 

250-300 18 

The above loads to be reduced 2 cwts. per foot-run when 
the double track is supported on three main girders, and by 
4 cwts. when supported on four main girders. The total dead 
load is made up of the main girders, floor, and cross-girders (if 
any), together with the permanent way, ballast, and concrete. 
Some examples from actual practice as given by Couradi are 
quoted in § 64, and others in § 69. 

56. Dealsn for a Plate- Cllrder. — As an illustration of 
the foregoing analysis, a design for a plate-girder is shown on 
figs. 52 and 53. The following are the required data : — 

Bridge to carry doable line of railway on two main girders. 

Moving load reduced to an equivalent dead load of 2 tons 
per foot. 

Dead load for one girder and one-half the total flooring-rails 
and ballast = '8 ton per foot. 

Clear span. 60' 0" ; depth, 7' 6". 

The material of the girder to be of mild steel, having a 
breaking- tensile strer^h of 30 tons per square inch. 

A factor of safety of 3 will be taken, and the stresses deter- 
mined in accordance with Wohler's law : the formula of § 9 is 
5 
working strength =>/ = -. — ■ • 

maxiS 
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The L, S. P., and B. M, diagrams are shown on figs. 48, 49, 
50, 51 ; the load digram refers to that distribution of load 




i" 



^:^ 



ISL 



which would give the S. F. diagram for the moving and dead 
loads (§ 26), For the B. M. diagram, the loads are taken aa 
uniformly distributed. 
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To detennlne the working stress for the web at various 

BectioDB, the ratio of the ;, muat be scaled from the digram, 

the ratio at any section being the ratio of the ordinates of the 
S. F. diagram for the dead load, and for the live and dead 

loads together, such as -jj- ; at the ends of the span, the values 

are 

jdead load min^T 24 2 



|(live + dead loads) maxiS* 
5 5 






, ming l-^x^ 

4- ' 



The vduea of the working stress for a number of sections 
are marked on the lower diagram (fig, 50). 

The area of the cross-section of the web (§ 45) is 

. 2/" 

Since the depth of the girder is constant, 

A^m. or , = |^, 

the values of the working stress and the shearing forces at the 
several sections being known, the thicknesses of the web can be 
determined. 

It is more convenient to proceed as follows : — Consider what 
S. F. diagram would give the same areas for the different sec- 
tions under a constant working stress of 10 tons, the stress for 
a steady load ; that is, put 

, 2F 2^ „ lOF 

If several values are plotted and a curve drawn through them, 
a new S. F. dif^ram is obtained which, on the hypothesis of a 
constant stress of 10 tons, gives the same values for the areas of 
the various sections as would be obtained from the calculations 
direct. The upper curve of the S. F. diagram of fig. 50 has been 
thus obtained ; the ordinates of this diagram are proportional to 
the thicknesses of the web at the various sections. 
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The scaled values of F' at the sections A, B, C, B axe 54, 
71, 95, and 127 tons, respectively, the thickness of the web 

2F' 
t ■ —rr- giving values of '12", 16", ■21", and "28", at the respec- 
tive sections. Ab A and B the thicknesses are so thin, that no 
practical use can be made of them ; and the web will be made 
I" thick, this being the least value of the thickness adopted in 
practice. To allow for rivet-holes and wear, the thickness of 
the web at D has been increased by about 25 per cent., giving a 
thickness of |" ; and at (7 a thickness of -^" has been adopted. 

The B. M. digram is shown on fig. 51 : the curve passing 
throi^h A is the B. M. diagram for ttia dead load alone, and 
through B the B. M. dit^iram for the live and dead loads combined. 

Now, OA and OB to scale are the bending moments at the 
centre of the span ; hence 



OB 



„ (W*U)L 168x60 ,„.„„ , 
= Jhi = ^ = 5 = 1260 ft-tons- 



Since the depth of the girder is constAnt, the stiesB in the 
booms will be proportional to the bending moments, and the 
ratio of the 

minS OA M^ 360 2 

maxS OB' M,' 1260 " 7' 

Putting this value in the formula for the working stress, 

_5 



/n : — r, = i — i — ;= 5'8 tons. 



ma.x.S 

To determine the sectional area of the boom, from § 33 : 

M^fAh=fAD, 

where A - the area of the croas-section, and h^ D = the depth 
of the girder. Putting in the above values, 

M 1260 
°fD " 5-8 X 7-5 " 



; = 29 square inches, nearly. 



Let the breadth of the booms be -^ of the span = 1' 8", and 
built up of i" plates and two 4" x 4" x J" ax^le-irons; then the 
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gross sectional area ae designed gives 38 square inches, and, after 
allowing for rivets, this reduces to 31 square inches. The hori- 
zontal lines on the B. M. dif^am are marked off at distances 
proportional to the area of the angle-irons and plates, respec- 
tively, and the lengths of the plates are determined from the 
lengths of these lines. 

The sectional area of the boom, considered as a strut, will he 
determined from the Eankine-Grordon formula (§ 51), using it in 
the form 

— ©■• 

Now, Ai = 29 square inches, and the equivalent 

^ = -7i = -7x 60-42' (§52); 

p, for the section as designed, is nearly 6"; and for c, the 
value 3T(i7nr will he used, as the boom may be considered to 
be partially fixed at the ends : hence, 

. 29><42'>cl2' _ . . , 

A2 = — - — ^ = 10 square inches, nearly, 

and 

At + Ai = 29 + 10 = 39 square inches. 

Now, the area as -designed is 38 square inches — a sufficiently 
close approximation. 

Some provision must be allowed for the bending action of 
the booms round the ends of the struts, as shown on figs, 37, 39. 
By assuming the boom to be a continuous girder with the struts 
for the points of support, and loaded with the vertical components 
of the stresses in the web, an approximate calculation can be 
made of the bending moments ; the values, however, are very 
small, and can easily be provided for by adding to the depth of 
the flanges of the angle-irons connecting the web to the booms, 
or by a small addition to the web itself : in the design, a small 
allowance has been made in both these directiona 

The design of the struts will now be considered. Two 
arrangements for these are shown on figs. 52 and 53 — one with 
the struts spaced equally and of varying section, and the other 
with the struts spaced unequally and of constant section. The 
loads on the equally-spaced struts are the vertical components 
of the stresses acting in the web, and will have the same values 
as already used in designing the web, viz., 54, 71, 95, and 127 
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tons ; the additional portion of the shearing force aa sealed from 
the ordinatea produced through tho struts on the S. F. diagram 




£ f » r »■ ! ( 



is transmitted by the web, and does not come on that particular 
strut. 

Using the Eankine-Gkirdon formula for atruts in the form 



jting a value of 



i^)" 



0- 



that is, assuming the struts to have round ends, the formula 
takes the form 

A^ = ■2A„ or A=A, + Ai = 1-2A,. 



7 a in . 



l/the 



because in the scaled value of F' from the S. F. diagram allow- 
ance was made for the working stress in accordance withWohler's. 

law: hence, 

A, = ^, and A^-12F\ 
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So long as the ratio - ^ 40, the oolumn will be as strong as, 
p 
or stronger than, is neceeeary. The depth of the girder is 
T 6" - 90", and therefore 

P 40 -^ ■ 

To design the struts, the area of the cross-sectioE A is deter- 
mined ; a sketch is then made of the desired type of cross-section, 
.having an area of A square inches. From this sketch, the value 
of p can, with some practice, be determined approximately by 
inspection, and afterwards, when necessary, checked by calcula- 
tion (§ 32). The struts shown on fig. 52 have been designed on 
these lines. 

The disposition of the struts, where the cross-section is con- 
stant, ia obtained from the equal areas shown on the S,r. diagram. 
The first strut is designed to carry the load equal to the shearing 
force intercepted on the S. F, diagram from the first strut ; in 
this case, the same as for section A, the equal areas then give 
the number and position of the remaining struts. 

In practice, the disposition of the struts would require to be 
sl%htly varied to suit the cross-girders or troughing that might 
he adopted ; by making use of the analysis, the disposition is, in 
all cases, a simple matter. 

57. Rivets. — The breaking-strength to shear of steel rivets 
was given in § 6 as 20-25 tons per square inch, or nearly ^ the 
strength to tension, pure shear, or compression ; the working 
strength then to shear can be taken as f that to tension, that 
i8'/« = i/- In calculating the area required for rivets, this value 
will be used. The pressure of the plate on the outside of the 
rivet should not exceed 10 tons per square inch, and a value of 
8 tons is commonly adopted. Interpreted by Wohler's law, the 
load per square inch would be about 15 tons; that is, one-half 
the compressive or tensile strength, giving a factor of safety of 2, 
and a bearing-pressure of 8 to 9 tons per square inch in the usual 
run of bridge-work. 

Under such loads, it is essential that the rivets should fill 
the holes in the plates and connections, as any looseness of the 
rivets would give rise to bearing-pressures much greater than the 
above. The bearing-area of the plate on the rivet is taken as 
the diameter d of the rivet multiplied by the thickness t of the 
plate or bearing-area = dt. 



izecDy Google 



In dealing joints and connections in plate-girders, provi- 
sion must be made in the rivets for shearing area and bearing 
area. ■ 

The rivets required for connecting the web to the booms of 
the girder in figs. 52, 53 will now be considered. It was shown 
in g 39 that the shear stress along the flanges per unit of area 
on any section is the same as that per unit of area on a vertical 
cross-section of the web at that section : hence, if the shear 
stress at a vertical section is known, the shear stress on the 
rivets is also known. Usually, in designing plate-girders, the 
web ia assumed to be under a pure shear stress, and the rivets 
are designed accordingly. Considered, however, from the stand- 
point of this analysis, the number of rivets so detennined would 
not be sufficient ; and there seems to be httle doubt that the 
rivets in the majority of plate-girders get more work to do than 
what they are designed for. 

Consider the section (D) on the S. F. diagram of fig. 50 : 
the shearing stress F' is transmitted by the tension of the web 
to the stmt at the end of the span, Now, the breadth of the 

plate transmitting this stress is — -^ ; and the total tension on 

■\/2, 
thia breadth 



/2 2 



(§45); hence, T^^W. 



This tension T is distributed along a length of boom equal to 
the depth ; and the shear stress is in the proportion of v^2 to 1 ' 
when compared with the assumption of a pure shear stress. 
The value of F' is 127 tons. As Wcihler's law ia allowed for 
in this value, a factor of safety of 3 will be as true for the 
rivets as for any other part of the girder: hence 



The diameter of the rivets : — For anything under |" plates, 
I" diameter rivets are usual, and for ^" to |" plates, 
■J" diameter. A convenient rule for determining the difwneter 
for rivets in terms of the thickness t of the plates is 



d = 1-2 y (. 
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Since the web at the section is ■§■" thick, the diameter of the 
rivets would be J", and the number n required will be 

where/, = 7'5 tons, a the area of a f" rivet = '44 square inches, 
and the coefficient 2 is used because the rivets are in double 
shear: hence, 

y2F' v/2 X 127 
^= 2ffi, "■ 2 X 7-5 X -44 ^ ^'• 
The bearing area equals 

■ndt = 27 X f X I = 7"6 square inches. 

This multiplied by 15 = 114 tons, and it should be 127, this 
being the value of F' by Wbhler's law. The bearing area is 
not sufficient ; and one of the following must be done : — Either 
put in more rivets of a smaller diameter, or more rivets of the 
same diameter, and thus have more shearing area than is 
necessary, or increase the diameter of the rivets. It will be 
found that 30 rivets, J" diameter, woidd be sOffieient, or about 
24 rivets, !■" diameter. The pitch of the rivetp in this latter 
case would be |J, or nearly 4", and in the foi;mer §J, or 3", 
which is close, and reduces efficiency of joint. The ^" diameter 
with 4" pitch would be the best, as it would not be advisable to 
reduce the rivets below f " diameter ; the thickness of the angle- 
iron flanges being i", a J" or J" rivet would be more suitabla 
The pitch and diameter of the rivets being determined for one 
section, the number required at any other section will be directly 
proportional to the shearing force at that section, so long as the 
plate remains of the same thickness. 

In addition to determining the pitch, diameter, and bearing- 
area of the rivets, the efficiency of the joint requires to be con- 
sidered. An addition of 25 per cent, to the web was made, 
giving a thickness of %"; this means that the joint is supposed 
to have an efficiency of 80 per cent., or that the area of the plate 
between the rivets is to the area cut out by the diameter of 
the rivet in the proportion of 4 : 1. Now, a 3J" or 4" pitch is 
commonly used with \" rivets ; and the proportion would be 
3 : J in the case of 3|" pitch, that is, 4 : 1 ; or with 4" pitch, 
4i : 1 ; any pitch then less than 32" would put higher shearing 
stresses on the web-plate between the rivets than was intended. 
For reasons already pointed out above, this is sometimes done, 
and a pitch of 3" is not uncommon. 
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The jointa in the web have not been shown, as these depend 
upon the sizes of the plates. Some 
types of these joints are shown on 
fig. 54. What has been remarked for 
the riveting of the web to the flanges 
applies equally to these joints. 

58. The n^eb under Thmst. — 

The girder thus designed is stronger 
than if it had been designed on the 
assumption of pure shear stress (5 49). 
It may be argued that the web in such 
a girder does transmit some thrust; 
approximately it may be calculated 
thus : — The web-plate at the end 
panel of the girder on fig. 52 is ^" 
thick, and forms a square. Consider 
it under thrust, and assume that the 
average length of the web, considered 
as a strut, is equal to the depth of the 
girder = 90", that is, nearly "7 the Fig. 54, 

length of the diagonal, a similar in- 
vestigation to that of § 52 giving this value. The edges of the 
web-plate are fixed : hence, the plate may be considered as a 
strut, with fixed ends, and the load oanied per inch of breadth 
of the plate will be (§ 51), 



W ^ 



M 



36000 x(|)= 
" iV ton nearly. 

The load on a breadth of ! 
approximately -^ the shear s 



Now, / = 5-5 tons, A = U, and 
h " 1", and ( = f ", c = ^^hni' 
p'-^ (§ 33). and / = 90", 
putting in these values. 



K ■/2 = 126" - 12-6 tons, or 
s at the section ; this, if allowed 



tor, would slightly reduce the material in the struts about -^, a 
quantity small enough to be neglected. 

59. iriiKl-Presanrc. — The Board of Trade recommenda- 
tions for wind-pressure are as follows : — 

(1). That in exposed situations the maximum pressure to be 
provided for shall be 56 lb. per square foot of surface. 
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(2). That for open lattice-work the surface on which this 
pressure acts should be from once to twice the front area 
according to the openings in the lattices. 

(3). That for iron or steel work, a factor of safety of four 
should be provided ; and considering the tendency of the bridge 
as a whole to be overturned, a factor of safety of two should be 
allowed. There is a considerable divei^ence of opinion aa to 
the maximum pressure per square foot that should be adopted, 
experiments havii^ shown that the pressure varies greatly over 
large areas, and that the average maximum pressure is not more 
than 70 per cent, of what it would be over a small area of 
■about 1 square foot ; for this reason some engineers recommend 
a pressure of 45 lb. per square foot over the whole exposed 
surface. 

In the design of the girders of §§ 56, 61, the effect of wind- 
pressure has been neglected. To consider it, requires that the 
normal load due to the wind-pressure acting on the girder should 
be given, and that the girders should be made sti'oug enough to 
transmit the bending moments due to this normal load to the 
cross-girders and troi^hing. Additional material requires to be 
added to the struts for this purpose, usually in the form of 
gusset-plates connecting the cross-girders or troughii^ to the 
struts at intervals along the girder. For small girders, the 
effect of wind-pressure is negligible; and for moderate spans, 
the additional material required is small. For large spans, 
wind-bracing is adopted, and reduces the material that would 
otherwise be required for the struts and connections. Owing 
to the uncertaiuty of the data with r^ard to wind-pressure 
and its effect on girders of large span, the disposition of the 
material to resist it is largely a matter of experience. 

60. StiflTeDliiB asalnst IMstortlon. — In addition to an 
allowance of material for wind-pressure, the stiffening of the 
ends to prevent distortion of the girder sideways requires to be 
considered. The allowance for this depends on the strength of 
the booms to take up the smallbending and twisting moments 
introduced by the stresses not acting in a vertical plane — the 
booms, together with the ends of the. girders, tending to move 
relatively to one another, and form a sort of exi^gerated figure 8. 

Suppose the flanges connected to the struts and web by ball- 
joints, then, although the girder would be of sufficient strength to 
transmit the stresses in a vertical plane, it would be unstable ; 
the gusset-plates prevent this relative movement of the flanges 
by introducing moments which give rise to torsion of the flanges. 
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DESIGN FOE A COMPOUND GIKDEE. IT 

The disposition of the extra material in the gusset-platee for 
this purpose is a matter of experience, and has not been allowed 
for in the design of fig. 52. 

In small girders allowance is made for this by bringing one 
plate of the booms together with the angle-irons round the ends 
of the girder, to which the connections are strongly made, and 
in addition, in larger girders guaaet-plates connect the flanges 
and flooring at intervals along the girder, which thus play a 
double part in transmitting the stresses due to wind-pressure, 
and at the same time stiffen the girder i^ainst distortion : the 
deeper the girder relatively to the span, the more necessary 
is it to make provision against the girder distorting in this. 
manner. 

61. BesigD for m, Compound Hlrder SO' O" Span. — 

It was pointed out in § 47, that there would be an economy of 
material in placing the stmts at an angle of 45° instead of 
vertical ; also, the analysis given in SS 65-74 shows that 45° 
bracing gives maximum economy. For small spans up to about 
60' 0" the saving would not be sufficient to balance the practical 
advantages; with longer spans, this would not hold true, and 
the design shown on fig, 55 has been prepared to show this.* 
Full particulars of the required data are given on the drawing,, 
together with the L., S. F., and B, M, diagrams. 

The shearing stress being comparatively small for about 
\ the span, the web has been discarded altogether, and a light 
cross- bracing substituted, thus effecting a saving of material in 
this part of the girder. 

Two arrangements tor the struts have been shown, as in the 
previous design of § 56 — one in which they are spaced equally 
and of varying section ; the other in which the cross-section of 
the struts is constant, and the spacing variable. The section of 
the web and struts at any cross-section is proportional to the 
shearing force at that section, being equally divided between 
them — additional material being added for the stififening of the- 
struts f^inst bending. 

Nothing has been allowed for connections between the booms,, 
cross-girders, or troughing to allow for wind-pressure, distortion, 
etc., it being deemed advisable to limit the design to stresses 
acting in a vertical plane only. 

Gii-ders of this type admit of being designed for large spans,. 
and have a slight advantage in economy of material compared 

■ Minutes of the Institutioa ul CiTil Engineers of Ireland, 1903. 
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with latticed or triangulated girders, and the cost of construction 
would be considerably less. The connection of the cross-girders 
or troughing direct to the web is an advantage compared 
with the channelled cross-section of the booms in latticed and 
triangulated girders. 

62. Seslsn for a IiBttlce-Glrder. — The design given 
on fig. 56 is intended for girders of and above 120' 0" span ; it 
illustrates the practical application of utilising tiea and struts 
of constant section throughout for the lattice -bracing, the 
spacing being determined from the equal areas of the S. F. 
diagram of g 50. Such a girder would require but few different 
sections throughout for its construction, and, at the same time, 
would be equally economical of material when compared with 
the triangulated girder tmder like conditions, and the cost of 
construction would be considerably less, 

A double system of lattice-bracing has been shown. By 
reducing this to a single system the girder approaches the 
type of a triangulated girder, the number of ties and struts 
being few more than would be required in a triangulated girder 
with a similar system of equidistant triangulation. 

From the analysis given in §§ 70-74, the design gives 
maximum economy of material; other alternative systems of 
bracing are shown on fig. 69, Nos. 1, 2, 3. 



63. Depth of eirtere.— The economic depth in plate- 
girders of small span is about -^ the span, increasing to about 
^ span in girder of and above 80' 0" span. Various con- 
siderations affect the depth to be chosen, depending upon the 
conditions and situation for which the gii-ders are required ; the 
above values are those usually given as deduced by experience. 
For the type of compound girders as given on fig. 56, it is 
probable that the economic depth is not less than \ the span ; 
and for girders of long span, carrying heavy loads, the depth 
could, with advantage, be increased beyond this value. 
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STANDARD TYPES OF SUPEESTBrCTTRE. 

64. The following sketches and description of types of 
Buperstructure are extracted hy permission from a paper by 
Mr. J. P. Comadi*:— 

" Type 1. — The most general type of superstructure, and 
adopted always for any spans where headway will admit, is 
to have the main girders directly under the rails. This sjatem 
finds most favour amongst railway engineers, and is by far the 
most economieaL It is also most important that there should 
be a coiitiuuoas support directly under the rail. In all typea 
submitted, this will be found a ruling feature, forming what are 
termed rail-girders, rail-trough girders, and rail-bearers. Another 
essential element of bridge-design which should be always aimed 
at, wherever possible in any kind of superstructure, is what 
is termed a free sleeper-road. This is a road wldch keeps the 
permanent way uniform and continuous throughout. The road 
can then be easily got at for very obvious reasons ; this of 
course finds most favour amongst permanent-way inspectors. 
In a fixed sleeper-road, the sleepers are usually laid longitu- 
dinally, called a longitudinal way-beam, but of lai^er section. 
than the ordinary transverse sleeper ; the way-beams are fixed 
to the cross-girders by means of channels or angles. The 
discontinuity of this with the ordinary road is always a great 
disadvantage. Another very important point is that the super- 
structure should be kept watertight. In all the designs submitted 
it will be noticed that the road is laid in a trough-formed floor,, 
consisting of fiat floor-plates forming the bottom. The fender- 
plates form the sides of the troi^h. The floor-plates are not 
necessarily flat, but may be of the dished form, or Mallet's 
bnckled-plate flooring, or any of the recognized forms o£ flat 
floorings. The fender-plates run longitudinally as shown in 
types 1 to 6, and are fixed to the floor hy means of angles. It 
will be seen that the floors are watertight ; provision, however,. 
should be made for drain^e. An initial camber given to the 
main girders secures this, the floor draining both ways, and at 
the ends the floor-plates are curved over downwards, thus giving 
additional means of drainage. The road is first laid with 3" of 

" Eaginetr, October IB, 1SB5. 



izecoy Google 



TiPEa or.BiiLw 




..c.y Google 



82 STANDAED TTPHS OF SUPKBSTRUCTUEE. 

broken-stone aspbalte, being an additional eaf^uard for a water- 
tight floor, and protecta the floor from corrosion, and gives a 
gwd bed for the ballast. Under the sleepers, and immediately 
above the aspbalte, 4" at least of picked ballast is laid, thus 
securing a good bed for the sleepers, and keeping the asphalts 
free from vibrations causing cracking of the same. The main 
girders are braced underneath against wind-pressure, securing a 
stiff etructure ; the bracing is any of the ordinary systems, and 
consists of angles and tees riveted to the main girders by gusset- 
plates. 

" Type 2. — Two central girders and two outside girders form 
its distinguishing features. This type can always be adopted in 
bridges up to 36' 0" span, and where the depth of the central 
girder is such that the vertical distance from the top table of 
the rail to the highest plane of the top range is under 2' 6", and 
the horizontal clear distance from the rail to the flange is not 
under 2' 2". This is applicable to districts where the euper- 
strueture is liable to subsidence, on account of undei^round 
workings, and also for the purposes of renewals, and future 
widenings or repairs, and needs no further comment. The cross- 
girders are spaced T 4" centre to centre, being a little less 
than the distance between the driving and trailing wheels of 
the heaviest engine; and continuous supports or rail-bearers 
are placed directly under the rail at 5' 0" centrea One dis- 
advant^e of this system, however, is that th6 weight of this 
superstructure is a little extravt^ant in material. 

" Type S. — Is in reality type 2 for larger spans up to 60' 0". 
The greater depth of the main girders causing wider flanges for 
lateral stiffness necessitated the 6' 0" being widened to 8' 0". 
It will be noticed that the cover to the fender-plates is in this 
type riveted on. This, however, should be removable where 
there is not sufficient room to get at the main girders from 
underneath for painting, &c. The advantage of the fender- 
plate is, that it keeps the web of the main girder free from 
the ballast, thus protecting it from moisture and lessening the 



" Type 4. — Two outside girders and one centre girder may 
also be adopted in types 2 and 3. This type 4 is the most 
general form of cross-section of superstructures. The we^ht 
per square foot of superstructure is less than the preceding 
types 2 and 3. In spans over 60' 0", where the clearance of 
Js 2" has to be increased to 4' 6" on account of the greater 
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depth of girder, the central girder type is at a great disad- 
vantage. In order to conform with the Board of Trade r^ula- 
tione, this girder would have to be made shallow, and therefore 
uneconomic, necessitating an enormous number of plates — as 
many, perhaps, as twelve or more being needed, according to 
the span required. The hit-and-misB cross-girder system has 
the advanti^e of distributing the load upon the maiu girders 
more uniformly, and is also advantageous for future wideninga 
and renewals. Where the 6' 0" cannot be widened, as above, 
to allow for the outer bridge, the cross-girders are made to span 
the whole width of the bridge. 

" Types 5 & 6. — These apply where the depth of the con- 
struction hag to be reduced to under 2' 0", l^'pe 1 takes the 
form of 5, the main rail-girders being converted into trough 
rail-girders. This system is reverted to in all cases of limited 
headway up to 24' 0" span. The longitudinal waybeams are 
sunk into troughs ; and the disadvantage of a fixed-sleeper road 
is here apparent. A layer of sand and asphalto may be laid to 
bed the longitudinal upon, and ia an advantt^e, as it reduces 
the vibrations of the superstructure. Sometimes the waybeam 
is fixed direct to bent angles fixed inside the troughs. In spans 
of over 24' 0", the longitudinal trough-girders would become too 
deep for the depth of construction. 

" Type 6. — Is adopted for the larger span, necessitating small 
depth of construction and sections. Typ^s 2, 3, and 4 can be 
here resorted to with advant^e. The rail-girders take here the 
form of trough-girders, fixed as before between the cross-girders 
in which the sleepers are simk — the latter being cut in lengths ■ 
to suit the distance between the cross-girders. A drawing is 
given, showing the details of connection of rail and cross-girders 
to the main girders (figs. 1', 2", 3', and 4'). The width of super- 
structure generally adopted for single I'unuing loads is 15' 0" 
between parapets ; for types 1 to 6; 26' 0" between parapets for 
two runnii^ loads. The depth of construction — that is, from 
top plane of the rail-table to the underside of main girders in 
types 2 to 4— is at least as follows : — Depth of cross-girder, 
11 to 14"; depth of broken stone and asphalto, and ballast 
under sleeper, 7"; from underside of sleeper to table of rail, 
12 J" : total, 2' 6 J" to 2' 9i". For smaller depths of construc- 
tion, the cross-sleepers have either to be sunk in some form of 
troughs, as shown in types 5 and 6, or a longitudinal waybeam 
may be adopted." 
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Floors. — The floors of any superstructure may be defined 
as the ctoss-girderB or floor-beama, and rail-bearera or etringets, ' 
ties, and their necessary appurtenancea. The covering to the 
floor 18 termed the decking or platfonn. The floors of the 
exiBting railway-bridge may be divided into five classes: — 
(I.) Timber-floors ; (11.) croas-girders at small distances apart, 
varying from 2' (T to 4' 0" ; (IIL) croes-girders, at dist^ces 
apart about T 4" — a little under the distance between the 
driving and trailing wheels of the heaviest engines, necessi- 
tating rail-bearers ; (IV.) corrugated or other forms of troughing ; 
(V.) Bopports dii'ectly under the rails nec^sitating floor-plates 
only, as in type 1. 

Class I. — ^This is the oldest type of bridge-floor. The objec- 
tions to it are many : it is costly in maintenance, difiicult to 
keep watertight, and requires protection from fire. They are 
now becoming obsolete. 

Class II. — Grose-girders, epaoed at distances varying from 
2* 0" to 4' 0". In calculating the strength of the cross-girders, 
the dead and live loads were assumed to be uniformly distri- 
buted over the wheel-base of the engine ; and thus each cross- 
girder was designed to carry one-quarter to one-half of the total 
load depending upon the spacing of the cross-girders. This 
assumption was not justified in practice ; and the Board of 
Trade now requires that each cross-girder must be calculated 
to take the whole weight of the driving-wheels, which makes 
the principle most unecouomicaL 

Class III. — In modem bridge-floors, each cross-girder is 
designed to carry the whole weight on a pair of driving 
wheels — as much as 22 tons, concentrated at two points : this 
leads to spacing tbem at distances apart not leas than that 
between the drivii^ and trailing wheels of the heaviest engine. 
This gives an economical distribution of the material, but 
nec^sitates additional girders, called rail-bearers, to carry the 
load between the cross-girders; they also serve as bracing 
between the cross-girders; and floor-plates of any approved 
type are riveted to these, making a watertight floor. Three 
inches of broken-stone asphalte is laid upon the floor-plates, 
with at least four inches of ballast imder the sleepers. 

Class IV. — Troi^h-floorings of recent years have come much 
into favour. The troi^hs are laid transversely, or in small spans 
parallel with the raiL In this system of floorii^, simplicity of 
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construction is obtained. The load is more uniformly distri- 
buted along the main girders. They are also solid floors with 
or even without ballast ; they present a continuous surface of 
nniform strength against possible demilment. They can also 
give a continuous floor-surface, take up little depth, form an 
excellent lateral bracing, and are extremely light. 

Many types of these troi^h-floors are now on the market, 
inventors having turned their attention in this direction, with 
the result that there is now a plethora of types. Three of these, 
which combine the distinctive features of the majority, and 
which are in common use, are Lindsay's, Hobson's, and West- 
wood's, shown respectively on figs. 58, 59, 60. By permission 
of Messrs. Dorman, Long, and Co., and the Motherwell Iron 
and Bridge Co., particulars of the usual market sizes of these 
troughs are given in the accompanying tables, together with 
the weights in pounds per square foot, the moments of inertia 
measured in inch-units, and the moments of resistance measured 
in inch-tons. 



', so. Olid Tables folleui htrt. 
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P-plat» thlchness. S^span. 
^-breadth. C-§ . H-deplh 

Fio. 58.— LisPBiY's TsouoHS. For Tamle, «ee page 87. 




P PtattTtiicmesa.Xi Btptti. 
N Dtatantt tf N Axis. Q Span. 
B Breaath. L BTiadtho^ Plate. 

Fio. 69.— Wbbt wood's Tbovoh*. Fo Tablb, page 88. 




- —t 

P- Plat* tnicAness. f- Hattias. 

T-Tee ivn. 8-Span. Xi-Dapik. 

Fia. 60. — Hobsom'b Akcbed Tbouchb. For Tabli, see pag* 8 
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Lindsay's Teoughs. 
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Wistwood's Tkodghs. 
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STANDAED TYPES OF 8UPEBSTKUCTURE. 



. M. The value 
y 

ot^ =/; the working strength of the material used in calculating 
the moment of resistance is 6 J tons per square inch for Lindsay's 
troughs. For Hobson's and Westwood'a troughs the value of 
/ used is the breaking-strength of the steel, and has been taken 
at 27 tons per square inch, the factor of safety required beii^ 
left to the discretion of the designer. 

To use the tables : — To determine the section required for a 
given loading and span, calculate the maximum value of the 
moment of the external forces, and select that section whose 
moment of resistance is nearest to it. To determine the span 

WL 
for a given uniformly distributed load. From § 20 Jf = —^ : 

hence, Z = -=, x moment of resistance. Also the load for a given 

span is Jf = ^ X moment of resistance. 

The ratio of the depth to span should not exceed -^ to 

provide against excessive deflection ; that is, so as to ensure 
Bufficient stifEhess (§ 34). 

A comparison of the weights of bridge-floors referred to 
now follows, together with tables giving the actual weights of 
underbridges of the types referred to in f 64. 
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THE WEIGHT OF PLATE-GIEDEES. 

65. The problems involved in determining the weights of 
plate, lattice, or triangulated girders, have hitherto proved so 
icomplex that, so far as the author is aware, no general formnlse 
have been given which admit of general use in practice. 

In what follows, au analysis is giveu which admits of easy 
application in determining these quantities, and from which 
aome interesting deductions are given, comparing the relative 
.economy of different types of girders. 

The application of the analysis to the case of a plate-girder 
■under concentrated and distributed loads will be first treated of, 
•other types of girders and distributions of load being afterwards 
considered. 

The fundamental relations that obtain between the load, 
■shearing-force, and hending-moment digrams, when applied to 
the case of a girder resting on two supports, have already been 
treated of in §| 21 and 25, Let a system of loads be placed on 
the span of a girder ; then the shearing force at any section of 
the span is the algebraic sum of the forces — that is, of the loads 
and reactions on either side of the section ; and by determining 
these values for a number of sections, the shearii^j-force dit^ram 
is obtained. 

Now, aU systems of loads are either concentrated or distri- 
buted. Let W„ W3, . . . W„ refer to the concentrated loads, 
.and v)i, w„ . . . w„ to the distributed -loads on the span ; then 
the shearing force at any section is 

F-'-SW + jwdx; 

or, expressed in words, the ordinates of the shearing-force 
diagram are proportional to the a^ebraic summation of the 
concentrated loads and one reaction, tc^ther with a load pro- 
portional to the area of the diagram of the distributed loads to 
either side of the section. 

The ordinates of the bending-moment diagram are deter- 
mined by integration from the shearing-force diagram ; that is. 

From this equation, it foUowa that the bending moment at any 
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section is prpportional to the area of the shearing-force digram 
measured from the ends of the span to that section. The bend- 
ing moment will have its maximum value where the shearing- 
force digram cuts the base, the areas to either side of the point 
then being equal to one another ; that h, the base line of the 
shearing-force diagram divides the diagram into two equal 
areas. For girders simply supported at the end of the span, 
the relation is always true under all conditions of loading. 

With rectangular girders, the following relations will be 
shown to be true: — That the ■theoretical volume of the web in 
plate-girders, and of the struts and ties in lattice and tria-ngulated 
girders, is proportional to the area of the shearing-foi-ce diagram, 
and independent of the depth of the girder. This remarkable 
fact seems to have been first pointed out by Mr. Stoney, and 
greatly simplifies the analysis for the volume of such girders. 
Thevolumeof the flanges is proportional to the areaoftheiending- 
moment diagram, and varies inversely as the depth. 

In the analysis for the plate-girder, the web will be assumed 
to be strained along lines inclined at 45° to the vertical. From 
theoretical considerations, it has been shown that the lines of 
stress in a beam cut the neutral axis at 45", and that for 
practical purposes this angle gives the nearest approximation to 
the direction of the lines of stress in the web {§ 44). 

It is convenient to consider the web as being made up of 
two parts, one in tension and one in compression ; this assump- 
tion avoids the difficulties that would occur if the web were 
treated as being subjected to compound stress (§ 45), and at the 
same time puts the analysis in the same form as will be required 
for lattice and triangulated girders. 

Now, consider a simple stress of intensity /acting throi^h 
one of the bars ; then, on the vertical cut, the shear stress wotQd 
be/ sin cos 9 ; and since Q = 45°, the shear stress s =//2 ; also 
the normal stress would be / cos'O, giving again // 2 when 6=45°. 

66. Rectangular Cillrder 4a° Bracing. Concentrated 
Kioad.^-On fig. 61 a rectangular girder — that is, a girder with 
parallel flanges, with 45° bracing and vertical end-struts — is 
shown carrying a concentrated load in the centre of the' span. 
It is required to determine the theoretical volume of the 
girder. 

Volume of Flanges. — The bracing is inclined at 45° and the 
shear stress assumed to be uniformly distributed over the web. 
Under these conditions the bending moments are wholly trans- 
mitted by the flanges, 
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The bending moment at the centre is ^ - —r- ; tliis is equal 

to fad, where / = the worldrtg strength of the material, a = the 
area of the croaa-seetion, and d •= the depth of the girder. 

Hence, a - — r^ . The bending moments at the ends are nothing, 

and, at any intermediate point, vary directly aa ita distance 






i 



%MmEm 



from the ends of the span. Therefore the average area of 
ihe eroaa-Bection of the flai^e will be one-half the maximum 

= -^ ; the volume for the two flanges will be the area of the 



cross-section x 2-length : hence, Vq 



Wl' 



Let-: 



I-, the ratio 



W£ 



Volume of Weh. — The shear stress over any vertical crosa- 
W 
section is -^ ; this equals Oi// 2 where a, is the area of the 

cross-section of the web, and// 2 the intensity of the shear 

W WL 

stress : hence, di = —p, and the volume is ajj = V\~ —r- \ that 

is, the volume of the web does not depend on the depth of the 
girder. 

The relation that the theoretical volume of the web is 
independent of the depth of the girder is true within wide 
limits. It is true for all conditions of loading, and applies 
equally to triangulated or lattice-girders. 

Volume of End- Struts and Vertical Tie. — To distribute the 
load over the lattice- bracing, a vertical tie shown in the centre: 
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of the Bpan is required. Hie area of its crosa-flectioa at the 

W 
lower flange would be -y, and at the top flange would be nothing, 

igiving an average of ■^. The volume is the area x depth, eqiub 
Wd WL 

W 
The two end-strute cany each a load of -^, the area of the 



top. Griving a mean area of cross-section of j^, the volume for 
Ihe two strutB will be 

W „_, Wd WL 

The volume for end-struts iind vertical tie then is 
JkpthJbrMinwiumVolume. — The totalvolume of the girder is 
Biffeieutiating the expreesioD with i«8pect to r, the equation 

for the minimum value, giving r = J. 

Substituting this value, the expression becomes 

'which shows that the volume of the flanges, end-struts, and 
"vertical tie is equal to the web, also that the total volume 

From the application of the analysis to triangulated and 
E 
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lattice-girders (g 71), it will be Been that, for the minirmim' 
volume, the voluine of the flangeB, together with the volume- 
of the resolved part of the web transmitting the horizontal 
stresseB, is equal to the volume of the end-struts, vertical ties, 
and the volume of the other part of the web transmitting the- 
vertioal streBses, and that this relation applies generally and to 
various types of loading. 

For rectangular girders — that is, girders in which the internal 
system of triangulation admits of being indefinitely redupK- 
cated, with the triangulation at 45° — the depth with the 
concentrated load that gives the minimum volume is invariably 
one-half the span. The result, however, is only of theoretical, 
interest. 

Stiflteping of Olrdera. — What is it, then, that fixes the 
economic depth of the girder ? It is the material required tO' 
stiffen the web and flanges to enable them to transmit direct 
thrust, the allowance required for connecting the flanges 
together to transmit twisting moments, owing to the loads not 
being applied in the vertical plane of the girder, and the 
material required to allow for wind- pressure. 

It is impossible to n^lect these quantities in any practical 
analysis on the volumes of girders; and, as will appear imme- 
diately, it is possible to introduce a coefficient which will allow 
for them with a fair degree of accuracy. 

Redansular Cllrdcr with 45° Ties and Vertical 
Strnto. Concentrated Iioad. — If, instead of the bracing 
being at 45°, the ties are supposed to be at 45°, and the struts , 
vertical, as shown on fig. 61, what then will be the volume of 
the girder ! 

Vdume of Flanges. — The volume of these will be, as before, , 

• ifr' 

Volume of the Web. — The volume ofthetieawillbeaabefore 

= — ^ . In addition to this there is the volume of the vertical 

struts. The vertical component ot the stress in inclined ties. 
W 
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This includes the volume for the end-etruts in this case. The 
expressioB ior the total volume is 



-'^^'^=^(^^0 



As it Btanda, it does not give a finite value of r for the 
minimum value. A more rigorous analysis shows that the 
minimum agahi occurs \rhen r = ^. 

67. Beclangular Olrder 4A° Bracing. Vnlforu 

I<oad. — Volume of Flanges. — The volume of the plate-girder 
shown on fig, 62 will now he determined, the load on the span 
being uniformly distributed ; the shearing-force and bending- 
moment diagrams are given on figs. 9, 10. 




Let w *■ the load in tons per foot on the span, L - the length 
of the span, and c = L/2. Take the origin of the coordinates at 
the oenti-e of the span : then the moment M^ at any section is 
w/ 2 (c' - a;') (§ 20), Suppose the flanges to take up the whole of 
the bending moments : then, since the depth - rf is constant, 
the cross-section of the flanges will vary directly as the bending 
moment. Thus, let / = the working stress of the material, 
a 5= the area of the cross-section of the flanges, then 



fad = M=~(c'-if) and 
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The Tolame of any small element of the flanges along the 
span 18 

hence the volume of the two flaDges will be 

-where r = y, the ratio of the depth to span. The assumption that 

the flanges take up the whole of the bending momenta ia only 
true when the shear stress is supposed to be uniformly distri- 
buted over the web. A more r^id investigation given below 
showB that a more accurate expression for the volume is 

*^* 6> ^^ ' ^ y 4)1'/ 

"where n = the number of turns to-and-f ro of any one triangU- 
latioD in the half span. To ensure no bending on the end-struts 
the value of » should be some whole number. For the usual 
ratios of 7 in practice, this effect is small, and may be neglected. 

In the equations s— = ^■ 

Suppose the web of the prder with tie 45° bracing, shown 
on fig. 62, to be developed so as to form a 45° right-angled 
triangle on, the half span : then the shear stress « = w tan B, 
and tan 45" -■ 1 ; therefore, s = w. 

The area of the cross-section of the flai^e at the centre of 
the span to carry this shear stress would be 

and tbe volume v of ooe-half of one flange 

al w P , 
"2' = 7 4'**' 

the coefficient i being used because the average cross-section u 
half the maxim iim, Kow, let the developed triangle of the 
web be doubled to-and-f ro n tunes : then tjtie summation of the 
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volumes for tale-half the upper and lower flanges would be of 
the form 



»..=H 


l^i bil 




^''i 2» ) (2» 2 + 2«) 




„l!(»-2)j (( (»-2) i.21 




etc, to m - 1 terms. 




♦-.-7(^J[M^<->(¥-)! 


+ {2{«-2)(^ + 2)j,e 


-7(rJ[?*<''*-^->*(«'-^-)** 


v(4J[i-?J ■•-■ - ■ 


"12/ 


[-#' - 



- ''."^'(-4)-^( 



»/■,, ,, m,, ., 
■p.<i-'-)-«;j;<i-'")- 



6/5-^ 



Volume of the Web. — The shear stress over any crosft-section 

is proportional to the ordinate of the shearing-force diagram 

(lig. 10) at that section, and equals mr where wis the load in tons 

per foot on the girder.' At tbeends of the span this becomes 

. toL ,W " 

T' 2' 
and gives the maximum value of the shear stress over the ends 
of the girder. The intensity of the shear stress i8//2: hence, 
■the area of the cross-seotion at the ends 

W_2 W_ 
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The volume is the avenge area of the ciosB-Bection 

■ -^ multiplied hj the length = -sj-J 

that is, the volume of the web is one-half of that for the con- 
centrated load with the 45° bracing. It will be remembered 
that the areas of the shearing-force diagrams for the concen- 
trated load and the uniform load are in the proportion of two 
to one: hence it follows that the volumes of the web are 
proportional to the areas of their respective shearii^-force 
diagrams. 

Volutne of End-Struts. — The end-struts transmit the shear 
stress from the bracing to the abutments ; and the cross-section 

W 



strut will be 


Wl WL 


and for two struts the volume 


is 




V,. 


WZ 



The vertical ties in this case are neglected, as the load can 
generally be transmitted to the bracing fi-om the lower flange ; 
and the ties are therefore not required. For the case where the 
depth is half the span, one-half of the load in the central part 
of the span must be supposed to be distributed on the c^itral 
ties; and the case reduces to that of the concentrated load, 
thus : — 

Total Volume.— V= F,+ T, + F, 

WL(1 r 1 r\ 
" / \&T~ Q'^ 2'^ 2}' 

The value of n cannot be < 1, which gives r = i for the 
minimum volume. A more rigorous analysis — given in § 72 — 
which allows for the vertical ties, gives the value of r slightly 
under \. As before mentioned, these cases are only of theore- 
tical interest. For values of r ^ ^, no diffioull^ aiises with 
regard to the distribution of the load from the flanges, aud no 
vertical ties are required. 



izecoy Google 



. : LIVE AND DEAD LOADS.- 103 

Reetancnlar Cllrder — Vertical Strut and Ties at 
49°. Unirorm Iioad. — On fig. 62, a. dit^rammatic sketch 
-of the ghder is shown. 

Volume of Flaiiges, — These will be the same as for the 45' 
-bracing, and equal to 

j ^ WL„ ,^ WL 






It will be noted that « has twice the value of that for the 

45° bracing. 

Volume of Web and Struts. — For the inclined ties, this is the 

-same as that for the 45° bracing = -^r^ ; for the vertical struts, 

teeolve the stresses in the inclined ties similarly, as in the case 
■for the concentrated load: the value then obtained for the 

volume is —ry-, giving a total volume F, « j —r- ■ As in 

the case of the concentrated load, the volume of the end-struts 
is included in this quantity. 



6S. lilre and Dead Iioads. — In addition to the dead 
load on a girder, it is necessary to take into account the live 
-or moving load. 

The shearing-force digram for three loads was ^ven on 
§ 25 ; also, the statieal loads that would give this shearii^- 
.loree dif^ram (§ 26) are : — 

A imiform dead load of W + -pr, a concentrated load of -j- 

2 4 

placed at the centre of the span, and a pair of wedge-shaped 

loads, each of -^, varying from nothing at the centre to a 



I at the ends of the span. 
■ Now, consider the application of these diagrams in deter- 
mining the volume of the web for a plate-girder, remembering 
that the volume of the web is proportional to the area of the 
shearing- force digram ; the volumes for the concentrated, 
^uniform, and wedge-shaped loads are in the proportion of 
1, i, J. This has been shown for the concentrated and 
ainiform- loads; and a similar demonstration applies for the 
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wcdgB-bad. Tbe kOamiag table ^ves these Tolnmes 
tenac ti tbe loads j^rcn cm tbe load-diagiais : — 



Voiume oC web = 



Laafc 


^-s-^-^. 


'.:sS" 


ToUlToloM . 


-r(-i)' 
«(-f)(-) 


J" 


v-»[(?4^)*»<-H 


y^ax-tw 



Tbe volnme of die web is detennined in terms of tbese- 
coetBdentB for the live and dead loads. The value of - has- 
been taken, instead of r, for tbe concentrated load ; becanse no 
vertical tie is required, and only the end-struts require to be 
considered. 

Volume required Jbr Stiffening the Girder. — If tbe tbeoretical 
volmnes of the fianges and web were alone to be considered, the 
economic depth would be given when r = J, nearly ; this will be 
evident from the formulEe just given. 

In determining the practical economic depth, it is necesHaiy 
to allow for the volume of material for atiffening the web ae a 
strut ; for stiffening the connections of the flanges ti^ther by 
gusset-plates, to take up the twisting moments caus^ by the- 
loads not acting in the vertical plane of the girder; for sUffen- 
ing the gnsaet-platea and atrute to transmit wind-preasure ; and 
la^ly, to allow for stiffening of the flanges considered aa stmts. 

The allowance for these quantitieB will be made in twO' 
W^B : firstly, by adding to the volume of the web and flanges 
a fixed percentage of uieii volume ; and secondly, by adding a. 
variable quantity depending on tbe square of the depth. 
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Plate-girders, in practice, ftre usually built with vertical 
Btruts, and approximate more Dearly to the type of girder 
with vertical etruta and inclined ties than to that with the 
45° bracing. Using the coefficients obtained for this type, the 
volume of the web is 

Now, to allow for butt-straps, joints of connections, the 
extra material (owing tQ the rivets reducing the ef&ciency of 
joints), and for the gusaet-plates, about 25 per cent, of the^ 
theoretical volume wUl be added to the web— that is, 

giving for the total volume of the web 

V (Jf'*tr)L 
f ' 

For the stiffening of the web &s a strut, the Kankiue-Gordon. 
formula (g 51) will be used in the following form i — 



'©" 



where A^ is the additional area of the c 



section to resist bending, A^ the area of a short strut to carry 
the given load, e = -^^^^ the coefficient for round-ended struts, 
p •> the radius of gyration of the section, and I - the length of 
the stmt. 

Now, consider the plate-girder with vertical struts and 
inclined ties, the theoretical volume of the portion of the 
web which acts as a strut under a unifonn load in this type is 
WL 
■~^ ; this is constant and independent of the depth. If ^ is 

the cross-section of the struts, and A the depth of the gitder, 

tben..!^- -Tf- but ^-rf-Zr; therefore ^j-j-r_. Substituting. 

in the Eankine-Gordon formula 



^(f)": 



"4/V 
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the volume for stiffening the struts is 

If F, is the volume for stiffening, and F, the theoretical 

volume for the struts = —7-^, then 
4/ 



In a practical girder, with f = -^, the value of - = — was 
from 65 to 70 — that is, the mean breadth of the struts was about 
■^ the depth; substituting these values c( — I » *5, for any 
■other depth the volume will be 

F, - F X -5 X lOOr* 

•and for the live and dead loads the volume is 

4 / 

this gives the required volume, the value of p being assumed 
-constant. With the bracing at 45°, a similar investigation leads 
to an analwous result. 

It is to oe remembered that if the web were stiffened with 
this volume, so as to enable it to transmit direct thrust, yet the 
;girder as a whole would be unstable; this will be evident by 
assuming the struts to have round ends. Hence, in addition to 
the above volume, there is still to be considered the volume 
required to stiffen the girder' against wind-pressure,' and to 
withstand the twisting of the flanges. 

The allowance for these can be only made empirically. In 
-a particular girder of -^ the span, the volume of material for 
stiffening struts, gusset-plates, &c., was sensibly "5 the volume 
•of the web. Now, for the struts, the volume required for 
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stiffeniiig varies' as r' ; also for wind-pressure, the volume varies 
as r' ; and for stifienlng i^ainst distortion by twisting, the volume 
varies as r'. Hence, for the particular girder of -^ the span, the 

sum of these volumes added together would he (W + U) ^x-5; 

and for any other girder, (Ae swm qflhe volumes for struts, wind- 
pressure, arid twiMing of the flariges could be put in the form 



Volume of Flatiges. — The stresses in flanges will be a 
maximum when the live and dead loads are on the whole of 
■the span ; and the volume of the flanges for the 45° bracing 
•and for the vertical struts and inclined ties wiH be 



The practical volixme is, however, greater than this, provision 
havii^ to be made to enable the flanges to transmit thrust aa 
a strut ; also allowance must be made for the reduced section 

of the flanges, owing to rivets. Assume the value of — to 

be constant, and not to depend on the depth of the girder, then 
the additi<mal material required to stiffen the flanges as a strut 
will be a certain percentage of the volume of the flanges, and 
this will also be true for the rivets. 

Further, the term - r* will also be neglected, as in all 
practical eases ita value is too small to be of any consequence, 
and the increase of volume given by u^lecting it would require 
to be allowed in other ways if it was retained. 

To stiffen the flanges, at least 20 per cent, requires to be 
added to the theoretical volume ; if this is done, the volume 

takes the form F, = ^—= — ■ 5- ; this value will be adopted. 
o fr 

69. Formnla for the VTelffht of eirderg.— Collecting 
the terms for the volumes of the flanges, web, and for stiffening, 
the following formula is obtained: — 
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W and U being the dead and live toads on the span in tons, 
L the length in inches, sod / the working-strength of the 
material in tons per square inch. 

This formula was obtained on the assumption that the ties. 
were inclined at 45°, and the struts vertical ; if, however, the 
.bracing bad been at 45°, the tctrmnla would have taken the 
form of 

A, S, and being constants, a foi-niala in which these constants 
were determined was obtained, giving results which differed only 
in a email degree from the one already given. 

If this formula is tabulated for various values of r, it will be 
found that, within a wide range of the deptb, the volume of the 
girder ia sensibly constant, and that Uie minimum volume 
oecura when t- = ^, as will be seen at once by differentiating the 
above expression. For values of r •< .f , -j^, ^, -^i the conatimt is 
sensibly 3-5. Adopting this value, the formula takes the 
simplified form 

iW+U)£x 3-5 
/ ' 

and expressed in tons, the weight of the girder is 

This gives the weight of the girder to carry the dead and live 
loads. In addition to this there is the weight of the girder- 
itself. The weight for this IT, can be determined by smiple 
proportion, thus : — 

W," W+W 

and the total weight of the girder is 

This formula has been tested against the actual weights of 
^rders, and, as will be seen from the enclosed table, gives good 
average r^ults. For spans below 40 feet, the valnes obtained 
required to be slightly increased. This is to be expected, owing 
to the difficulty of designing small girders without a certain 
amount of waste of material 
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WEIGHTS OF GIEDBBS. 



Weights of Gibdebs. 



Total 
LcWtb. 


Total 


Clw 


LivB- 

laad 


Dud- 


ToUl 
Loud. 


Work™, 
Strngih. 


w^gtt, 


Cllcnlntdd 


ft.iB. 
38 


«J'J 


R. in. 
32 6 


72 


35 


107 


4-G 


5-3 


8-0 


380 




sao 


76 


37 


lis 


4ft 


60 


fi-1 


«80 




»0 


71 


44 


119 


4-B 


6-0 


6-0 


39 e 




35 


79 


41 


118 


4-5 


60 


5B 


.1. 




3«0 


78 


41 


119 


*-i 


«-0 


e>o 


46 6 




40 6 


84 


SO 


134 


4-6 


7-5 


7-6 


95 6 




89 


101 


100 


270 


4-5 


31-0 


33-0 


too • 




94 


162 


133 


tB4 


4-5 


38-0 


37-0 


106 




IDQ 


170 


Bl 


SOS 


46 


430 


S6-6 


HI D 




103 


176 


127 


303 


4'6 


480 


44'0 


111 6 




lOS 


177 


138 


31S 


4-5 


40-0 


47-0 



It is interesting to note that, within wide limits, the values 
ot r do not cause much variation in the volume of the girder. 
This is in accordance with practical experience. Generally, tor 
moderate spans, it is easier to design the girder with values of 
r from J- to iV, the web then being thicker, and giving a girder 
with better proportions than could be obtained with greater 
■depths ; and the girder as a whole is more easily stiffened. 
Considered theoretically, however, larger ratios could be taken 
with little or no greater volume of material in the girder. 

It is shown in § 71 that, for economy, the volume required 
to transmit the horizontal stresses equals that required to trans- 
mit the vertical stresses, and that this relation is generally true, 
And for all kinds of loading. The depth of girders in practice is 
much less than the theoretical economic depth ; and it is to be 
-expected that the above relation would still hold true. Now, 
for such girders, the horizontal stresses transmitted by the web 
<pr bracing are relatively small, compared with the horizontal 
stresses transmitted by the flanges, and can be n^lected ; the 
above relation can then, with little error, be expressed by 
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saying that for maximum economy in a girder the volume of 
the flanges should be equal to that of the web and the struts. 
The formula shows this when the value of t is about ^ to ^. It 
followB, if the economic depth is given by a certain value of 
*■, that it is always possible to des^ two ^ders with a i-atio- 
pf depth to span, one > r and one < r, having equal volumes, 
©ach of which may be only slightly in excess of the economic 
■volumes. This explains the reason why so much discussion has- 
taken place with regard to the economic depths of girders, the 
fact being that there is a range about the economic depth, in: 
^hieh there is little variation from the economic volume. 

It is to be noted that, whatever views may be taken with; 
i-egard to the constants that have been adopted in the formula- 
for the volume of the flanges, web, &c., any variation in these' 
would not affect the general deductions alluded to, and would: 
only p.ffeet the economic depths. ■ i 

Gtenerally . speaking, it appears that in small spans the ■ 
economic depth is small and increases as the span increases^: 
Varying from r = -^'m small spans, to as much as r = J in large! 
spans for lattice and triangulated, girders. 
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APPLICATION OF THE ANALYSIS, ETC. 



THE WEIGHT OF PAKALLEL GIRDERS. 

70. Appllcallon or tbe Analysis to the W^cl|[bt« or 
Parallel CMrders.— The determination of the economic ratio' 
of the depth to span for a parallel girder, together with the 
best system of triangulation to he adopted, is a problem which 
cannot be solved without taking into consideration the matetiaT 



|x>^x33xxxxi 




required for stiffening the struts, and tne booms ana connec- 
tions. It is, however, simpler to attack the problem by.neglect- 
ing these latter quantities, and to consider the theoretical volume 
required- for the hboms and triangulation alone, and afterwards 
to take into consideration the matenal required for stifEetiing. 
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the girder; as in the case of the plate-girder, it is this latter 
-qnaDtity which exercises a dominating influence in determining 
ttie economic ratio of the depth to span of the girder. It will 
he at first aasumed that the girdeis are rectangular, as shown 
-on fig. 63 — the aaalysis afterwards being extended to triangn- 
iated girders in which the end-struts are not necessarily verticaL 

ConceutToted Load at the Centre of ^an. — A rectangular 
^rder is shown on fig, 63 with a, double system of triangulation 
carrying a concentrated load W at the centre of the span. 

The expression for the volume V of the girder will he the 
«um of the volumes of the booms Vu of the bracing Vt, and of 
the end-stmte and verticfJ ties V%. 

Volwme of Booms. — ^Assuming one-half the load to he carried 
by each ^tem of triangulation and resolving the stresses along 
the bars ; using the notation shown on figure, then 

W WW 

H-^^e^af; ....._tane-j^, 

-where ^ _ r, tsaO- j^^^r^, A-/-, 

■m being the even or odd number of bays in the half -span of the 
girder. . 

Volume 



"1 


' 


16/™.' 




■4«' 


f. 


-2ka. 


W 


2 


2( 


V, 


-Ska. 


W 
16/™' 


.2 


31 

to' 



W 2™/ 

D. - itka = -J- — ,- — ; 
Ivfrm, 4mi 

m_ 

' 16> ' 

This shows that the volome of the booniB is independent til 
the system of triangulatioa, and therefore independent of »u . . 
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APPLICATION OF THB AHALTSIS, ETC. 
Volujne of Bracing. — Uging the notation just given, 

W W 

T = -^6e<iB = af; .-. a = -l^ aee ft 

ur I 

Volume of one bar = al' = 



4/ ' 4m sin 

Wl 



8fm sin 26' 
Wl 

' /Bin2ff 

The volume of the bracing is independent of the depth of 
the girder for a given value of 6, and is a minimum when sin 29 
is a maximum, that is, when S = 45°. 

Again, 

^ir^ = i(tan e + cot e) = i f -i- + 4mA 
8m20 *^ ' \4mr J 

This shows that the product of mr = a constant for a given 
system of triangulation. 

Volu-me ofEnd-Strvis cmd Vertical Ties. — Each of the end- 
W W 

struts carriee a load of —r and a = -r-,\ and the volume is 
4 4/ 

, IPS , , ^ Wd 

= -j5 , and for two = -^. 

W W d 

The vertical tie carries a load of — , giving a volume of — -; 

hence the volume of end-struts and vertical ties is 

Wd_ Wlr 

^*' f ~ f 

Minimum Volume. — The total volume is F" - Fi + Fi + F, ; 

collecting these values, 

V ^(^ J_ ^ 

/ W * sin 26 "^ V" 

This gives, on differentiation, as in the case of die plate-girder, 
I 
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r c= ^ f or the economic Tolmne, treating tiie expreseion for the 
bracing as constant. If now the value i ( j— + 4jJir \ be sub- 
stituted for -. — ^, and the value of m be put equal to J — that 
18, when one bay covers the whole span — then 

and, as before, on difiereutiation r is again i- Also -: — ^ then 

equals 1, showing 45° for the minimum volume. 

Figs. 64, 65, 67 are girders of equivalent volume for the 
concentrated load. The lattice-work shown on tig. 67 can 
theoretically be mtdtiplied indefinitely without affecting the 
volume of the bracing. The result,, however, is only of theore- 
tical interest, as it neglects all consideration of the volume of 
material required for staffening the girder. 

By doubling over the inclined bara, as shown on fig. 66, a 
second girder is obtained with two bays in the span ; and the 
analysis shows that the volume of this girder is the same as 
that just given ; further, by putting m = 1 and differentiating, 
the girder of minimum volume is obtained and is made up of 
three equilateral triangles also shown on fig. 66. These girders 
are inadmissible from the point of view of this analysis, as they 
do not give the TninimnTn volume when the triangulation ie 
duplicated and inscribed in a rectangle as in fig, 67. 

71. fieneral Statement for- tbe mnlmttDi Tolmne. — 
From the analysis given in § 70 for the concentrated load, and 
from tbe results obtained for the plate-girder, the expression for 
the minimum theoretical volume — that is, neglecting stiffening — 
is always of the form 

V= F, + F, + F„ 

where Vy is the volimie of the flanges, V, of the web or bracing, 
and Vi of the end-struts and vertical ties. Now, F, ia always 

of the form of -, Fa of the form of 
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and Vt of the form of d/r, where a, 5, c, and d are constants 
depending on the load and type of girder. Of the terms — 

Vi or a/r relates to those members transmitting horizontal 
stresses ; that is, the booms or flanges. 



F, or 61 






relates to those members transmitting inchned 

stresses — that is, the inclined struta and ties. 

V, or dr relates to those members transmitting vertical 
esses — that is, end-struts and vertical ties. 
It will be noticed that the term 



is of the foi-m for members transmitting both horizontal and 
vertical stresses; that is to say, an inclined member may be 
looked upon as being made up of two members — one transmit- 
ting a horizontal sti-ess, and one a vertical stress. This can be 
shown thus: — 

Let an inclined member be given (fig. 68) transmitting a 
stress T; resolve the stress into two components if and W ai 




right angles to one another, and complete the right-angled 
triangle ABC. Then, from the figure, 

T=WBece, and B=Wta^e; 
also, / = ^ sin 0, and A = /; cos $. 
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The sectional area of the members k, I, and h will be 

/■ /• "' /■ 

where / = the working-atrength of the material The volume 
of the members will be 

mm ^ Wl 

T T- ■"' T- 

Substituting from the above equations, the volume of the 
member 

/ 'sinSe' 
and of the members I and h the volume is 

that is, the volume of the members I and A is equal to that of 
the member k. It follows, then, that any inclined member 
transmitting a stress may be looked upon as being made up of 
two members, one horizontal and one vertical, and whose joint 
volumes are equal to the volume of the inclined member. Now, 
it has been shown in the analysis, that 



' tan + cot fl is of the' form of - + -, 

T e 

where c is a constant depending on the type of girder : hence, 

•y^(tane + cote) = ^^(%^J; 

and, putting Wl 



a constant depending on the distribution of loading and the 
length of the girder, the volume F", is of the form 
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Colleotii^ the coefficients for the total volume, 

V=- + — + -r + dr 
r r c 



Differentiating and equating to zero for the minimiim volume, 
the result obtained is 



-g- 



Putting this re8ult in words : — 2%e economic volums is given 
when (he voli/me of the members transmitting the horizontal 
dresses is equal to the volume of the members transmittvag the 
vertical stresses. This relation has not hitherto been remarked : 
it applies not only to girders, hut to all types of engineering 
structures carrying vertical loads, and is perfectly gen^^ in its 
application. 

72. Vnirorm Iioad dlstrlbated over Span.— The 
double triai^ulated girder is shown on fig. 63, with tiie uniform 
load equally distributed among the joints on the lower boom. 
The notation will be the same as that already given, and shown 
on the figure. 

Volume of Booms. — Confining our attention to one system 
of triangulation, and starting from the bottom of the girder at 
the centre of the span : 

W W 1 

stress in top central bar - S= zr- tan 6 *• rr— • -. — ; 
' am om 4ffw 

cross-section of bar ■= a = r-y- ■ -. — ; 
8/wi 4mw 

volume of bar =• cife ■ ;;t— ; — - >-. — 2. 
^2frmr im. 
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S ntnTiiing up the vnl nmo ft for all the baiB in a aimilAr manner 

to that of the concentrated load, then the volume of one-half of 
the booms for the half load carried by this triangulation is 

Wl 
j^g-^,[(l + l)l+(l + 3)2 + (3 + 3)3 + (3+5)4to(2m-l)tennB 

+ (2m - 1) 2m] 

Wl 
= =^r-^- [2(1' + 2' + 3» . . . . 2m - 1 terms) + 2m (2m - 1)1 

Wl r (2mX2m - lX4m + 2) ] 
' I28/m» L 3 J 

= ^fl_J_V . 

2^\ '^y 

Snmming up by a similar series, the volumes of one-half the 
booms for the half load carried by the second briai^lation, the 
volume obtained is 

m r 2m(2m-l)(4TO-l) ,1 Wl T J_ _3_] 

128>m> L 3 "^ **" J " a4/r L 4™' "^ 8m»J' 

Adding the two volumes k^ether, and multiplying by two 
for both sides of the girder, the total volume is 



>^ri_j- 

' 6/r [ 16m' 



It ie evident, from the formulae just given, that for a girder 
made up of one system of triangulation alone, the volume of the 
booms is 



For a gii'der of the double triangulated or lattice type, or of 
the type when the load is partly suspended from the vertices 
of the triangle, as shown in fig. 69, No. 1, the volume of the 
booms is 

Wlf, 1 \ 



6/r\ 
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Volwme of Bracing. — Confining our attention to one ^etem 
of triangulation, and starting from the bottom of the girder at 
the centre of the spaa. 



Volume of one bar = 



4m sin 9 16/to' sin 2 



16>i' sin afl ■ 

Wl 
"8/ Bin 2(1" 

For the second system of triangulation : — 

Wl 



Volume of one bar = ; 

Wl 
4-S volumes = .. , - . „„ [2.(1 + 2 + 3 ... to m - 1 terme) + m] 
■* 8/m' sin 28 "■ -■ 

Wl 



Adding these two volumes tt^ether, and multiplying by two 

for the total volume. 



a/8m2e* 

VoluTiie of ETid-Struts. — Each of the end-struts carries a 
W W 

load of -:- ; their cross-section is a = -n,, and the volume of one 

4 4/ 

strut 

^ Wd WlT 

and for two, the total volume is 

,_ Wlr 
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The vertical ties of the f^rder, rfiown on fig. 69, No. 1, cany 
one-h^ the total load ; and the sum total of their volnmes wiU 
be the aame as for the end-struts jnst determined. 

Minimum Volume. — The total volume is F = Fi + F, + Fj. 
Collecting tiiese values 

V Z?.ri/'i_J_\ 1 ll 

/ LerV 16mV a8in2tf'^aj' 

Putting m =t J, this equation becomes identical with that for 
the concentrated load, giving, as before, »• = J for the miniinnm 
volume ; and the girder takes the 4orm given on figs. 64, 65. 

Consider, now, that the girder remains of the lattice type 
shown in fig. 67; and that the bracing is indefinitely redupli- 
cated, and that the load is transmitted to the bracing by vertical 

tiea The volume of these ties will be -^j^- ; and the number 

ot points at which the load is applied along the span can he 
anything up to infinity. In this ease, the volume of the girder 
will be 






16mV 2sm29 J 

Putting in the value «i = }, and 

^[7— + 4m)-} for the Bin 29, 

and differentiating, the nn'tiininm volume is given by the value 
of 

__1 1^ 

or shghtly less than the one-half pi-eviously obtained. As 
already remarked, these results are only of theoretical interest. 

73. Wedge Iioad dlMrlbuted mvcr Span. — A pair of 
wedge loads are shown distributed over the span on fig. 63 ; it 
is required to determine the distribution ot these loads at the 
joints along the bottom boom of the girder. Consider the load 
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to be divided up at the jointa ; then, by taking momenta round 
the joints, the following formulse are obtained : — 

Let n = the number of divisions in the half-span = 2m, 
W - the weight of one wedge load, and ii,, Ri + B,, etc., the 
loads at the joints starting from the centre of the span ; then 



M 

A) 
The summation of tl 



W 



-I'-l 
-2'-l 
-3"-l 



e above gives the following series : — 
>r'.^[l + 3.2.(l + 2 + 3...i.-l) + 3(»-l) + 2] 

The shear stress at any joint is 

W 
Load at centre joint -> ■^— j • 

2W'%t 
Loads at joints M = ltOM = m-l = 

n* 

The distribution of the loads shown at the joints on the 
figure can readily be verified from the above formulEa 

Volume of Booms. — The loads at the joints having been 
determined, the volume for these can be determined in a 
similar manner to that adopted for the uniform load. 

Put W =2 W, and 2m = n ; then the volume of the top 
central bar is 

_W_ 1_ J_^ 

2.3. 4/jm' ' 4wtr ' 4ffi 
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Hattaaiaji the volume <i ibe bus for one-hal^ tiie -nine 



+ etc to » - 1 tenns 

[!<--')] -3>^[f--(-ii-.)] 

Volv/me of Braevng,-~CoaaA»t both BTstems of triaDgulation 
f));))!!)!!!', Htarting from the loTver boom of the girder at the centre 
of the Mpaii, The teneioE on the first bar is 



' 8/j\ Vim? 



Ah previously, If - ■: r—^ : 

' "^ 4wi Bin e , 

hi'uoe, the volume of the first bar is 

,, IKseofl / 



24^*°' 



JT/ 



2^/m' 4m sin 9 48ym> sm :itf 
Huuuuiiig uii. tlio volumes for 

tlio fir»t tttu- - - ..„ ■■— 

4tt/Hl^ 6 

„ next two 



wi r 

Hi^ sin 2tf 



1 


= 


1" 


6+ 1 




2" - 1> 


12+ r 




3«- 2" 


18+19 




4'- 3= 



aitd so on to "hn terms. The sum of this s 
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for the half-volume of the bracing 
Wl 



if'.' 



4&fni' ain 20 ' 



and Wl 

'° 3/ sin 29' 

Volume of End-struta and Ties. — For the distribution of the 
loads at the joints, shown on fig. 63, the load on the end-strut is 

El fi('!5V= ^' K 
3»> U/ a " 4 ■ 

hence, 

WIt 



and for two struts 

Wlr 

As in the case of the uniform load, assume the loads to be 
transmitted to the bracing by vertical ties, their volume will be, 
as before, 

Wlr . . r^ Wlr 

Minimum Votwme. — 

r = Fi + r. + r. 



fin 



,^"12to'J^ 3sin2tf'^ 



Putting m > i, and substituting for sin 20, as before, the 

value obtained after differentiation for r is — 7=, which, as i» 

to be expected, is leas than the value obtained for the uniform 
load. 

74. Kilve and Dead I<*ad8. — From the inspection of the 

formulfo for the volumes of the bracing, it will be nated that, 
under concentrated, uniform, and wedge loads, ■ respectively, 
the volumes are in the proportion of 1 : i ; ^, that is, propor- 
tional to the area of the shearing-force diagrams due to the 
different loads. This relation was also shown to be true for the 
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plate-girder : heaee, it follows generally for plate, lattice, or 
triangulated girders. 

In § 68 a table was given, ehowii^ the volume of the web 
for the plate-girder under live and dead loads ; and from the 
above statement, the table applies equally to the volume of the 
ties and struts of lattice and triangulated girders. Using the 
values there given, 

^^?\2 "^ 12 ^ J sin at*" 



The volume of the booms will be 

-■=(--)^|^,(-.-^.)!' 

the value of g being 4 or 16 accordit^ as the simple triangulated 
or lattice-girder is under consideration. For all practical cases 

the vfdue of — -. is so small, usually under 1 per cent., that it 

gm* . 

can be neglected without sensible error. The formula given 
for the volume of the booms assumes the live and dead loads 
uniformly distributed, as under these conditions the stresses in 
the booms are a maximum. 

Summing up the values for the total volume 

this formula is nearly the same as 

that is, the volume for a girder on which the loads are uniformly 
distributed ; and it is a suf&ciently near approximation for all 
cases that arise in practice. 

Let the moving load he a multiple of the dead load, that is, 
put U •^hW, Substituting in the above equation 
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Application of the Analysis to Parallel GiTders. — A number 
of girders of different types are shown on fig. 69, with parallel 



^ixxyxxxixi 



xxxxxxxx 



booms and various types of bracing, the ratio of the depth to 
span being | througbout. The volume of the boomswill be sensibly 



„ Google 



126 TEB WHQHT OF PABALLKL 6IKDERS. 

the Bame for all and equal to - — ^ — --. The volumes of the 

bracing and end-strutfi are given in the accompanying table. 
In making the comparison between different systems of bracing, 
that gyd^ which for a given votvme gives the greaiegt ivwmheT 
of bays in the span is the most e^^eient. The table shows 
conclusively the economy of the 45° bracing when judged from 
this point of view. 

f J The value of k has been assumed to be 2 throughoat in the 
above formula, being a fair average value of the ratio of the 
moving to the dead load for spans of 100-120 feet. The 
formuk then takes the form 



r,-- 



Fi«llK. 


Biicins. 


E....^.. 


Tout. 


in. pan. 


1 


■55 


-06 


■61 


S 


2 


■55 


-06 


■61 


3 


3 


■65 


■OS" 


■61 


S 


4 


■61 


— 


■64 


7 


6 


■66 


- 


■66 


8 


6 


-83 


- 


■83 


8 


7 


■60 


— 


-60 


6 



With the value of r = J there is no diffioully in arranging 
for the bracing at 45°, and this is also true for values of 
*■ = i> i' i> h ^- When, however, r has some intermediate 



9\»m2« 2 / ' 
re included ia t)>iB exFression, at iq the case of the pkU-girder. 
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value, it is better to arrange the bracing at some slightly dif- 
ferent angle, keeping it as near 46" aa possible, if the maxuauim 
economy of material is to be obtained. 

The comparison of the volumee of the bracing shows that a 
considerable variation from the economic at^le 45° does not lead 
to a corresponding increase in the volume of the bracing ; for 
instance, on comparing the girders Nos. 1 and 5 (%. 69), the 
increase is about 8 per cent, Aa, however, the sine and cotan- 
gent rapidly change in value with the angle below 28°, the 
increase in the volume becomes very marked, amounting to as 
much as 33 per cent, for the type of girder shown on No. 6 



75. Volame required fbr Stifllenlnc. — From the exami- 
nation of the formulae obtained for the theoretical volumes of 
girders under different loads, and from § 71, it has been proved 
that the minimum volume is given when the volume of the 
members transmitting the horizontal stresses is equal to the 
volume of the members transmitting the vertical stresses. For 
the economical design of parallel girders, this relation will always 
hold tru& Now, for the usual values of r, the volume of the 
members transmitting the horizontal stresses is small; and 
the relation may be more tersely expressed, that for economy 
the volume of the booms equals that of the bracing. 

Since in practice it has been found that the economic depths 
are much less than the theoretical economic depths, the question 
arises of the influence of the coefficients for stiffening, and what 
assumptions must be made for their determination.. It has 
been pointed out, when considering the plate-girder, that for the 
stmts the coefficient varies as r' if the value of p, the radius of 
gyration, is assumed to remain constant. With little error this 
will also apply to braced girders, since, for any particular span, 
the value of p practically remains constant for any small change 
in the depth. 

Owing to the load not acting truly in the vertical plane of 
the girder, there is a moment tending to distort the girder, and 
which will vary approximately as the length of the girder. If 
the area of the stiffener to resist this moment varies as the depth, 
the distortion of the girder will vary as the square of the depth ; 
and the volume of the stiflfener will be proportional to r". 

For the wind-pressure the coefficient will vary as r* ; it has, 
however, nothing to do with the load. Approximately it may 
be assumed to depend on W+ U; and, if so, it can then be 
included in the genei-al expression for the volume. 
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Treating the load on the girder aa a nnifonn load Che ez- 
prcMdon for the vohaoe will be of the form 

where a, h, and e are eonatants. Of these, a and % admit of bediig 
cloeely determined for any particnlar type of girder. The ralne 
of e mnst be determined empirically, and depends upon the 
ftMitiiinptions made for stifTening, and will depend on the type 
and epan of the girder. 

As a first approximation, the formnke given for the Tolnme 
of plate-^^irder in | 69 may he nsed in the following form : — 

the coefficient A having the following valnea : — 

for 100' Hpans 50, 

„ 200' „ 45, 

„ 300' , 40, 

intopolated values being uaed as required. 
llie total weight of the girder will be 

the Bymbols having the same significations as already given for 
the plate-girders. 
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PREFACE. 

The following papers on " The Design of Columns and 
Struts," " The Economic Design of Colnmns," and on "Web 
Stresses in Plate Girders " in the present form are the result 
of four years' research work in this direction, and the thanks 
of the author are due to the Institution of Civil Engineers 
of Ireland and to Enginea^ for pemnssion to republish 
them. 

The paper on " Web Stresses in Plate Girders " bears 
directly on the matter given in the author's work on " The 
Design of Plate Girders," and the views therein expressed 
are in general borne out by the experimental research work. 
Section 58 requires some modification, but no further 
important corrections appear to be necessary. 

W. E. LlLLT. 
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THE DESIGN OE COLUMNS AND STBUTS. 



The problem usually involved in the design of a column 
or strut is:— Given a de&uito load and length, to deter- 
mine its croas-section. The solution of the problem is 
complex in that it involves the length and the figure or 
eliape of the croes-section and the proportions thereof, 
together with the way in which the load is applied to 
the column. It ie now proposed to consider, when viewed 
in the light of recent research work in this direction, this 
problem, togethor with some of the principles which 
underlie the strength of columns and struts, and to put 
forward some formulas by meons of which the usual 
problems that occur in their design may be solved. 

Solid Cibcclab Kound-end£d Columits. 
In the accompanying Fig. 1 are shown a series of curves 
which have been obtained from tests carried out on a large 
number of round bars of ^iuch diameter of different 
materials. The mode of testing was in all cases the 
same— definite lengths of the bars were cut oft and the 
ends rounded in the lathe, the bars being at the same 
time carefully straightened. They were then placed 
vertically in the testing machine, the round ends bearing 
on steel' discs, the surfaces of which were slightly concave 
to enable the specimen to be easily adjusted. The test 
was then carried out in the usual' way, and the load 
producing failure noted. The manner of recording ihe 
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results on the diagram was as follows: — Values otl/p, the 
length divided by the radius oi gyration, were plotted 
on a horizontal line as base, and the values of p, the load 
in pounds per square inch on the colunm, were plotted 
vertically; the curves were then drawn through the 
points ao obtained. The author would have had some 
diffidence ib recording the results of these experiments in 
that they were carried out on round bars of the small 
diameter of ^-inch; the values obtained were, however, 
carefully scrutinised and compared with the values 
obtained by other experimentalists, and found to be in 
close agreement, so much ao that they afford direct 
evidence that the influence of size is not of great import- 
ance when comparing the strength of columns. The test 
made by the Commission on the model chord member of 
the Quebec Bridge may he cited in support of this view, 
and also various other published tests recorded by J. M. 
MoncriefE in the " Transactions of the American Society 
of Civil Engineers," 1900, Vol. XLV. 

The tests were carried out on samples of cast tool steel, 
Bessemer steel, mild steel shafting annealed and un- 
annealed, wrought iron and cast iron. The curves 
obtained are shown on Fig. 1, and the stress strain 
diagrams from the tension tests, together with the values 
for Young's modulus of elasticity, being given on Fig. 2. 
It will be noted that for values of l/p greater than 120 
there is little difference between the values of the break- 
ing loads obtained on the various materials. For values 
beyond this limit the modulus of elasticity governs the 
strength of all the columns, and the values closely 
approximate to the dotted curves plotted to Baler's 
formula. For values of l/p leas than 120 and greater than 
40, the ductility and the strength of the material at the 
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THE DKSIQN OF COLUMNS AND STBUTS. 9 

elastic limit or near the yield point play an important 
part in determining tlie strength of the columns; the 
load producing failure partly etressee the material beyond 
the ejastic limit, and, on taking off the load, the column 
is found to have received a permanent set (^ deformation. 

In the case of the cast tool ateel the load at the yield 
point was nearly 100,000 ponnds per square inch, and 
the elongation 5.6 per cent. With such a material it is 
not until values of l/p leas than 70 are reached that any 
marked defect from the Eulerian curve is observed. The 
breaking load th«L stresses the material beyond the elastic 
limit and causes a variation of the bending straiDS on the 
cross-section, which can no longer be said to follow the 
laws of flexure; also, owing to the ductility of the 
material being small, the strength of the column for 
values dl l/p less than 70 risa continuously till about 
the value of l/p equals 20 is reached, when direct crushing 
or flow of the material commences, and the load producing 
future rises to enormons values. 

Consider now the curve obtained for the wrought iron 
colunms. For values of l/p lees than 120 the detect from 
Euler'a curve begins to be apparent, and the curve falls 
away and becomeB much flatter than in the case of the 
cast eteel columns, also the values obtained for the 
breaking loads are much less. The load at the yield point 
was 39,000 pounds per square inch, aa shown on the stress 
strain diagram, and the elongation 21 per cent. Per- 
manent deformation of the columns was observed for 
Tahies of l/p about 120, the fibre stresses on the central 
cross-section then pass the elastic limit, and the curve of 
breaking loads now falls farther and farther away from 
the Eulerian curve till the value of l/p equals 80 is reached, 
when the ductility of the material greatly influences the 
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strength of the columns. For values of l/p less thfm 80 
and greater than 30 no great variation in their strength 
ia apparent, and for values less than 30 direct crashing 
or flow of the material takes place and the loads causing 
failure rise to very great valn^. 

From an examination of the curves obtained for 
Bessemer steel' and mild steel it will be observed that 
similar remarks applyi although in a les» marked degree 
than for the wrought iron, and when examined con- 
jointly with the stress strain diagrams it appears that it 
is the strength of the material at the yield point and the 
percentage elongation which play a predominating part 
in determining the strength of the column between the 
values of l/p leee than 120 and greater than 30. The curves 
obtained for the annealed and unannealed mild steel 
columns are of interest when considered from this point 
of view. The sample obtained was that of a rolled bright 
mild steel shafting, and the first series of tests were 
carried ont on the sample as received. The columns were 
then carefully straightened, annealed, and again tested, 
giving a onrre nearly coincident with that obtained for 
the wrought iron. It will be noted, when considered 
jointly with the stress strain diagrams, that the difference 
in the corves for the breaking load is sufficiently 
accounted for when the strengths of the material at the 
yield point in the annealed and unanneoled states and 
the respective elongations are considered. It has pre- 
viously been observed that if a column which has been 
tested and bent be straightened and given a good 
hammering, so as to raise the yield point and decrease 
the ductility, that the oolumn on being re-tested will be 
stronger than it was in its previous condition. This is in 
accordance with the results of these experiments, but it 
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only prodncee this marked result for values of l/p less than 
120 and greater than 30 — that is, on those parts of the 
curve where the ductility of the material and the strength 
at the yield point play a predominating part in determin- 
ing the strength of the column. It was, donbUees, 
a knowledge of these facts that led the late Sir Benjamin 
Baker to specify a steel with a high elastic limit for the 
compression members of the Forth Bridge. 

The curve obtained from the tests an the cast iron 
columns is of interest, being carried out on a set of bars 
obtained from one pouring of the metal and afterwards 
turned in the lathe to ^inch diameter. The author has not 
been able to find any recorded tests carried out on cast iron 
in which the specimens were turned before testing. The 
results obtained have been compared with Hodgkinson's 
experiments on round cast iron columns and found to be 
in close agreement, thus showing that the skin of the 
casting has no great efEect on the strength of the column. 
The sample of cast iron used was above the average, 
giving- for the tensile teet 33,000 pounds per square inch, 
and a crushing strength of 110,000 pounds per square 
inch, and for Young's modulus 18,000,000. The curve 
obtained displays a similarity in its shape to that 
obtained for the cast steel. When the small amount of 
the ductility of cast iron is considered the result is not 
surprising. 

From a comparison of the curve given for cast iron 
with tfa« other curves it will be noticed that at a value of 
2/jQ=60the curves of wrought iron and cast iron intersect, 
and, therefore, for values lese than, equal to, or greater 
than this value a solid column of cast iron is of a strength 
greater than, equal to, or less than one of wrought iron. 
Similar remarks also apply for the intersection of the 
curves for mild sf«el and cast iron at the value of i//)=3B. 
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The other cuirves for the Beeeemer steel and cast tool 
ftteel do not intersect the east iron curve, and, th^^fore, 
colnums of these materials are always stronger than those 
of cast iron. 

The above relation for wrought iron and cast iron was 
first pointed out by Q^ordon. His estimate for the critical 
value of t/p wafi somewhat greater than that given above, 
being about 80. This is due to the columns having 
varions shapes of the cross-section, the average curve of 
which interaects at a value of l/p greater than that 
obtained on solid circular columns. 

In the testing of long columns some elastic deflection 
was always apparent before the load producing failure 
was reached. It has hitherto usually been assumed that 
once the critical load on the column was reached, as given 
by Euler's formula, the deflection was iudependeoit of 
any variation of the load, and, further, no deflection 
would be observed until the load reached the critical 
value. To account for the experimental fact that under 
much smaller loads a deflection of the column had been 
observed, it has been assumed that the deflection was due 
to the column not being straight or to want of homogeneity 
of the material. The author cannot agree with this view. 
The load which produces failure certainly agrees closely 
with the calculated values obtained by Euler's formula, 
but the deflection under such loading is considerable, and, 
therefore, it is better to assume that the load producing 
failure will bend the column to its proof d^ection. For 
loads l^ess than the limiting load some deflection is 
always apparent, and it is curious to note the range of 
what may be called the resilient deflection in testing such 
columns. With loads less than the critical load the 
column may be pushed in the middle, and on releasing 
the push it will recover itself, but will not become 
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straight. The d^ection observahle incroafleB with the 
load, or, in other words, the deflection is some function 
of the lead, other things being constant, and the author 
believes this to be true for the ideal column. The result 
enunciated by Euler's analysis has in this respect had a 
retarding influence on the investigations on columna. 

Usually it is considered that a solid col'umn of a aquare 
or other figure of cross-section would give as good results 
as a column of a circular cross-section. The author 
finds that this is not the case. For values of l/p greater 
than 120 very little difference can be observed, but lor 
values of l/p less than 120 and greater than 30 the shape 
or figure of the cross-section influences the strength of 
the column, and the values obtained are somewhat less 
than those obtained for the circul'ar oolumn. The 
experiments show that there is some analt^y between the 
results obtained by St. Venant on the strength to tor^on 
of shafts of various cross-sections compared with the 
strength to compression of such sections. The pheno- 
mena of secondary flexure have a direct bearing on tE's 
result. 

Various formulas have been proposed at different times, 
based both upon experimental and theoretical grounds, to 
determine the strength of columns and struts. Of these 
the author considers the Rankine-Gordon formula to be 
the best. This formula i« of a form proposed by Tredgold 
on theoretical grounds. It was afterwards revived by 
Gordon, who determined the approximate values of the 
constants, and then modified by Rankiue, who snbsii- 
tuted the valne of pthe radius of gyration for the diameter 
of the cross-section. The formula only applies to solid 
columns, and requires modification when applied to 
hollow or irregnilar forms of cross-section. 
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The Bakkuie-Gokdon F(»inxA. 

The fomnila may be derived as follons: — 
Considet ibs column of nnifonn cross section 
Blunra on Vig. 3, and assnme that the colnnin 
is slightly bent by the load P, then the bend- 
ing moment at the middle is — 

M=PS=pAS (1) 

where P=the the load on the column, 
£=the central deflection, 
P =the load per nnit of area, 
^=the area of the cross section. 



(2) 



From the theory of flexure 

M_p, 
I V: 

where / =the moiaent of inertia of the crosB section about a 
diameter, 
v=the distance of the ontei fibre from the neutral 



p,=the intensity of the outer fibre stress due to 
bending. 
From equations (1) and (2) the following relation is 
obtained : — 



pA&= 



(3) 



Since I='Ap' where p is the radius of gyration of the 
cross-section. 

A further deduction from the theory of flexure shows 



that the proof deflection of a beam varies as - or 2 

is some constant. Substituting this value of S i 
(3) the relation obtained is 

P P 



=c— where 
L equation 
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Add unity to both sidee of this equation, then 

V P 

Now fj-^j) equals the sum of the stressea due to the load 

and to bending and is equal to / the working atrength to 

compression of the material, also fA =P. Substitating and 

reducing the Eankiue-Giordon formula is obtained 

P 
The conatantB aa given by Itankine for wrought iron 
colamns are 

/=36,O0O pounds per square inch, 
c= ^^u for columns with round ends, 
—j-Ehov ^^^ columns with fized ends. 
The maimer of deriving the formula is open to eome 
criticism in these respects. It assumes the deflection of 
a column to be the same as that of a beam, whereas the 
deflection of a column when it comes to its proof stress is 
less ihan that of a beam compared under similar con- 
ditions ; also, the value of c is supposed to remain cm- 
stant, which is not true if the stun p + p, ia constant. 
This may be shown as follows : — 

The equation for the central deflection of a beam is : — 

'-Si «" 

where W =the load on the beam, 
2=the length of the beam, 
£=Young'8 modulus of elasticity, 
»=a constant. 
For beamfl similarly and symmetrically loaded the 
equation takes the form 

."^^ 
Where M is the maximum bending moment at the 

centre of the beam, and m a constant. For the case of a 
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beam wKicIl is loaded eo that the curre of defiectiom is 
ainnmidal, the formula for the deflection becomes 

where to is the intensity of the load per unit of len^h on 
the beam, and M= — j. 

Now let a column similar to the beam be ao loaded as 
to have the same deflection as the beam, then 

Po=M = J —, and on snbstitution in equation 7 



which is Euler's formula. As previously 

I ~ y **' 7 ~ 1/ 
Now, if the croes-Bections compared are kept similar 

and under similar loading ^ can be subetitnted for -j- 

and the equation for the proof deflection becomes 

In a beam p, is the proof strength of the material, 
whereas in a column it is the sum of p+p, which should 
be the proof strength. If now the value of 8 in equation 8 
is substituted for S in equation 3, then 

and the eqaation returns again to Euler's formula, but if, 
on the other hand, p, is put equal to / on the right hand 
aide the form of the Rankine-Gordon formula heoomea 

^ / 

''=2 = ,, / I' (10) 

So far as long coiumne are concerned the value of / 
may he taken at anything at pleasure within large limits. 
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as the iomiTil'a always returns to the Eulerian Yalnee for 
loBg colxunns. For colamns ot medium and short lengths 
the yaltie of / is bo choaen as to fit in with the curves 
obtained from experiments. The beet values to be 
adopted for difForent materials will be referred to 
presently. It will be admitted from the forgoing that 
the f<»in of the Rankine-G'ordon formula is more or less 
inational in that the deflection of the column is assumed 
to be too large, more especially in colnmns of medium 
and short length, and that the sum of the atreeseB p+p, 
are not constant. The following yariation of the formula, 
in which allowance is made for these defects, the author 
beheves to be new. Beverting back again to equation 9, 
the value of p, can be obtained in a similar manner te that 
of p, giving 

Now substitute the value for p, in equation 9; the 
formula then becomes 

/ 






(11) 



and in a similar way it can be shown that 

f 

^' , ^ir»£/i» /ir«£/)»\ « 1 (12) 

If now in equation 11 / — p be substituted for p„ and 
\p be put equal to its Eulerian value, the equation return^ 
to Euler's formula, but if p, be put equal to / 8o that p it 
iequal to the formula becomes 

p / 



■ / 1 \ 



"^MTZ^^ (13) 
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The formula ao obtained witli suitable values of / more 
closely correspouds to tbe experimeatal curvea. ^Furtlier- 
m<H«, it will be sbown it is possible to fix tbree poiuto 
on the ourre with a oousideiable degree of accuracy hy 
experimaitfl on columuB, and, therefore, the curve bo 
obtained cannot be far from the true curve. 

Revolting to equation 3, and substitutinir the values 
obtftined for p and p, in equations 11 and 12, the relation 
obtained is 






(14) 



ff 






carve and £ = the deflection of a colamn Bimilar to the beam 
bent to a sine carve then the above relation can be ex- 
preaeed 



.1 + 






Some further remarks on the derived form (tl this 
formula will be found in the Appendix. 

The constants to be used in the Bankine-0ordon 
formula, given in equation 10, now require to be deter- 
mined; on the diagram four curves, numbered 1, 2, 3, 4, 
are shown plotted to the constants given in the following 
table: — 



I fjASTi xooi oieei 
Bessemer Steel 
Mild Steel 
Do. Annealed - 
Wrought Iron - 
Cast Iron 



110000 

80000 



31000000 

30000000 
30000000 
26000000 
14000000 






Ti306 
TBonn 
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The curve for wrought iron cloeely approximate to 
that fqr the annealed mild steel, and has not been drawn. 
It is to be understood that the values of / adopted have 
been so ohosen as to give the nearest approximation to 
the experimental curves. 

This oi necessity must be the case when the manner of 
deriving the formula is confiidered. The object to be 
attained is to make the particular curve coincide with the 
experimental values ior long- columns, and so to choose 
the values of / as to make the platted curve cut the ex- 
perimental curve ol the material under coneideration at a 
value of l/p from 40 to 50 ; when this is done it will be 
found that the value of /, except in the case of cast iron, 
is roughly about tlie breaking t^isile strength of the 
material. It will be noted that t^e value of / admits of 
being wied considerably without a corresponding great vmria- 
taon in the calcnhLted strength of columns of medium length. 

For the derived formula given in equation 13 the value 
of the constants to be used differ from those given for the 
^nkine-Gordon formula. Toung's moduluB of elaatiSly 
E remains the same, but the value of / is about two- 
thirds of the / of the RanHne-Gordon formula. l%e 
reason for this is that, as the hypothesis of constant atre«i 
is more clearly approximated to, the value of / to be 
adopted must be more nearly within the elastic limits of 
the material. 

In the two curves, numbered 5 and 6, shown on the 
diagram, the value of / ha« been taken at the value of the 
strength of the material at the yield point, being for the 
oast tool steel 100,000 pounds per square inch, and for the 
annealed mild steel 40,000 pounds per square inch. It 
will be noticed that the curves of the derived formula 
intersect the curves of the Eankine-Gordon formula, and 
ihen the curves continue cloeely to approach each other. 
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Oae advantage of tlie derived formula ia thatr three 
points on the curve can be fixed with a fair degree of 
accuracy from the experiments ; thus when Ijp = the 
value of p=/. Now if / ia taken as the strength of the 
material near the yield point, the value of p at the upper 
limit of the curve is fixed ; again, when Ifp is large the 
value of p becomes equal to its Eulerian value, and a 
second point ig thus obtained which fixes the lower limit 
of the curve. 

If, now, a column is tested having a value of //p about 
80 to 100, the load which will just bend the column can 
be determined with a fair d^re© of accuracy, and an 
^perimental value is obtained for a third point on the 
curve. By giving a suitable value to the constant for / 
in the second term of the derived formula the curve can 
be made to coincide with the experimental' value, and a 
curve is obtained which must approximate closely in its 
shape to that of the true curve. 

In plotting the curves of the derived formula on the 
diagram the value of/ adopted hag been the same for all 
the terms containing it in the formula, and equal to two- 
thirds the value of the / adopted for cast tool steel and 
wrought iron in the Bankine-GTordon formula. 

Whether the derived formula or the Rankiue-G-ordon 
formula be used in designing a column, the areas of the 
cross- sections obtained are nearly the same in both cases, 
because P ='pA= p^^o- Now, p and p^ are the oalou- 
lated values of the load per unit of area on the column 
by the two formulas, and as will be seen from the 
diagram theee are nearly equal to each other, and, there- 
fore, A is nearly equal to A^. 

For this reason the author is of the opinion that lifQe 
advantage ia to be gained in practice by using the 
derived formula in place of the Rantine-Gordon 
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formula. Tlie latter errs on tiie side of safety in giving 
smaller values of p for values of l/p greater tliaD 40, and 
for columns lees than this, which are imosual in practice, 
it approximates very closely, and ' further, the extreme 
eimplicity of its form must always recommend it to 
engineers. 

It is convenient for some pnrpoaes to pat the Rankine- 
Gordon formula in the following form: — Let P=f A, 
where A, ia the area of the cross-section required for a 
very short column, then equation 10 hecomes 

Now Ai=A — A, may be looked upon as the area re- 

qiiired to strengtlien tile column against bending, and A^ 

the area required to carry tbe load. Similarly for tbe 

derived jormula, equation 13, 

A, A— A 



A, -,>£,'^1+^'-/ 



_ (16) 

From the diagram the curves of the two formulas for 
annealed mild steel intersect at a value of l/p about 60, 
and, therefore, the areas required for the cros^-aection of 
a column would be the same if calculated by either 
formula. The constants are for E = 30,000,000 and for 
/, = 60,000 for the Rankine-GOTdon formula, and 40,000 
for the derived formula. Substituting these values (in 
equations 15 and 16), and putting l/p =y/ ZJW then for 
the Bankine-Gordon formula A^/A, = J and for the 
derived formula Ai/A, = J,' that is, of seven parts of the 
area of the cross-section, three parts are required to resist 
bending and four part« are required to carry the load by 
the Bankine-Gordon formula, whereas one part is 
required to resist bending and six parts are required to 
carry the load by the derived formula. For the larger 
values of^P the difference rapidly becomes lees, but in aU 
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oases beyond tliia value of l/p the Ranldne-Goitton 
ionnula em on the safe aide in giving the larger propor- 
tions of the area of the croas-aection to resiat bending. 
Th« constant c given in tlie table for columns with fixed 
ends has been derived by multiplying the conatanta given 
for the different materials for columns with round ends by \. 

Experimentally- the testing of columns with fixed ends 
is a Bomewhat difficult matter, for the few experiments 
that the authpr has been able to carry out on small 
columns with fixed ends, the values determined iat the 
breaking loads agree fairly well with the conatanta as 
given. It is to be remembered, however, that columns 
in practice are seldom more than partially fixed, and it 
is better to use the greater rather than the leaser values 
of the constants when any doubt exists, or to modify them 
to suit the circumstancea of the case under consideration. 

Round-ended Columns of IJiffeeent Shapes of Gross- 
SEcnoir. 
The experimental curves and formulas already given 
only apply to columns of solid croaa-aection. When, 
however, the columns are of different shapes or figures 
of the crtffls- sections, fiuch as the hollow circle or square, 
cross or H form, &c., the phenomena c^ secondary 
flexare inflnences their strength, and the formulas require 
modification in this respect. 

A copy of a paper on " The Economic Design of 
Columns " is given at the end of this book, in which the 
influence of aocondary flexure on the sta-ength of hollow 
coltunns of circular cross-section has been considered both 
experimentally and analytically. It will be assumed 
that the reader has pemaed the paper at this stage, and 
only a brief risumi of the experiments and of the pro- 
posed modified formula will now be given, and then 
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scone fortlier experimenta! wort: bearing on Hiia subject 
will be referred to. 

If a sbort hollow metal tube be tested under direct 
thrust in the testing-machine it will fail by secondary 
fleznre, or wrinkling, and the tube breaks np into a series 
of waves. It is to be noted, however, that in ©very column, 
even with small loads, the wave formation exists; but 
until the elastic limit is passed, the deformation is so 
small as to make its observation impossible. From a 
comparison of the results obtained from a large number of 
tests it was shown that as the tube gets larger in diameter 
and the thickness smaller, the load producing failure 
becomes smaller, and it is not until the length of the tube 
becomes less than the length of one wave that the load 
producing failure approaches the resistance to compres- 
sion of the material. Hence the true strength to compres- 
sion of the tube is the load which produces the wave for- 
mation. From the experiments, and also from the 
analysis, of these waves it was found that the wave- 
length varied as the square root of the area of the cross- 
section. This result leada to the following equation for 
the limiting load : — 



f=^— (IT) 



where 



/= the limiting load in pounds per square inch on 
a colimin of one wave length. 

F = the strength to compression of the material in 
pounds per square inch, 

i = a constant = J for mild steel = ^ for wrought 
iron. 

ft =: the radius of gyration of the circular cross- 
section of the column about a diameter. 
t = the thickness of the circular cro8»-section. 
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For oircnlar sections, wliich appioximate to a solid bar j, 
the value 1^ — 0.51 should be used for -*; for the usual sec-^ 

tions in practice the 0.5 is negligible. 

The above formula with the constants as given applies 
to caioular sections. Further experiments on square, ^ 
triangular, and other symmetrical figures show that the 
form of the formula is correct, the coftfiicient k having a 
particular value for each figure, and the values eo far 
obtained indicate tbat the value of k is always greater 
than for the circular sections. A great deal of experi- 
mental work yet remains to be done before precise values 
for the different figures can be given to this coefficient. 

The foregoing experiments show that in estimating the 
strength of the column it is not sufficient only to oonaidw 
the length and the radius of gyration of the cross-section, 
but that some provision must be made to allow for secon- 
dary flexure. A means of doing this will now be con- 
sidered. 

The Bankine-Ckurdon formula for colnmna is : — 

._?___/ 



"'-0" 



where 

/= about two-thirds tlie compressive strength of the 
material ; for wrought iron = 36,000 lbs. per 
square inch. 
A = area of the cross-section, in square inches. 
c = -g^jf for colomns with round ends. 
c = xs^D'o for columns with fixed ends. 
I = length of columns in inches. 
p = radius of gyration, in inches. 
P = total load on column, in pounds. 
p = load per square inch on columns, in pounds. 
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From the inapeotioiL of this formula it will be noted 
that the following conditions are supposed to hold true, 
that the strength of the column is proportional to its sec- 
tional area, the other terms being supposed constant ; also 
that an^ arbitrary value of p can be assumed, and there- 
fore any ratio of p/t, without affecting the strength of the 
column. It will be evident from the investigation- on the 
effect of secondary flexure that these conditions do not 
hold true, and therefore the formula requires modification 
in this respect. 

Now it has been shown from theory that the formula 
can be put in the following form : — 

where E =. Young's modulus of elasticity, and m a con- 
stant, the other terms having the same significations as 
already given. ' 

Referring back now to equation 17, the value of / has 
been shown to depend on the deformation due to secondary 
flexure, and not upon the strength to compression of the 
material. The arbitrary constant / in the Rankine- 
Gordon formula thus becomes a variable, and, on substi- 
tution of the value obtained for / in equation 17, the fol- 
lowing modified formula is obtained : — 
P F 

l + 'f + 'O 

where c = ■ , „ . This formula takes into consideration 
both primary and secondary flexure, and its solution in- 
volves the length and the figure and thickness of the 
cross-section of the column. Also, by giving values to k 
pertaining to the different figures of the cross-seotion, it 
<}an he applied generally to all forms of struts. 
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To deteirnine the proporticms of the etxHiomic «olniiui it 
is necessary to ezpress the thickDcn t in tenns of p and 
the area A of the crosK-eectioi). Son the area admits of 
hein^ expressed in terms of its mean length and thick- 
ness. Thos, in the case of the circular cross-section, if r =; 
the mean radios, then 2 v r t = A, also for tlun sections 
r = \/2p nearly; hence, -^ s= = (. On substitn- 

iim of this valae in equation 19, and differentiating with 
regard to p and p as variables, the condition obtained for a 



t p-k 

This resTiIt gives a rapid means of approximating to the 
proportitms of the economic colnmn, and with different 
values of k applies to all forms of cross-section. 

From a careful comparison of the published tests on solid 
columns, the best value to adopt for m is unity, giving 
e = -j^ ; and if for mild steel, F = 80,000 and E = 
30,000.000, the value obtained for c is ^^^ nearly; also 
from the experiments on secondary flexure, the deduced 
value of k for mild steel is ^, and on substitution for the 
constants the modified formula for mild steel colamns 
with Tonnded ends is 

Before proceeding to discuss the relative value of the 
different forms of cross-section and the most economic pro- 
portions for columns, an example may be given of the use 
of the formula which will show the necessity of providing 
against the deformation due to secondary flexure. 

Two circular columns, shown in Fig 4, were cut front 
the same length of tubing, and were thus identical in 
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eveiy respect ; on© of these was cut along' its length, and 
tiie other was left intact; the columns were then fitted 
with round ends and tested. The load producing failnre 
on the cut tube was 26 per cent, less than that catried by 
the other. 

Now if the load carried hj these two columns had been cal- 
culated by the Rankine-Gordon formula, or any other of 
the usually known formulss for columns, the values obtained 
in both cases for the load producing failure would have 
been the same — that is, the formulte only take into con- 
sideration the length and the radiuB of gyration, and do 
not consider the way in which the figure or shape of the 
cross-section may be built up. From the inspection of the 
columns shown in Pig. 4 it will be seen that, owii^ to the 
secondary flexure, the manner of their failure is different, 
and the two sections cannot be compared together as having 
equal strength. 

The modified formula makes provision for this, and in 
conLparing two such columns difEerent values for k would be 
used, for the circular section k is ^, and for the split 
circular section of value of k is about J. It follows, then, 
in designing the cross-section of a strut, that the figure or 
shape and the thickness must be considered together. 

In the modified formula it has been shown that for any 
particular figure there is some particular value of Jc, and 
when this is given, the economic proportions for the column 
can immediately be determined. The question then 
arises as to what form the figure should take in order to 
design the colunm of maximum economy. Now F and c are 
constants in the formula, and it is the coefficient k which 
depends on the figure of the cross-section. If k then is 
kept as small as possible, the value of the load carried will 
be the greatest possible. So far as the investigation on 
ditFerent sections has gone, the value of k is least for the 
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holloT circular eections ; hence tlie circular sections give 
the etrat oi mazimuin economy. 

The foregoing demonstration proves the necessity of 
allowing for the influence of secondary flexure on the 
figure of the cross-section in determining the strengfth of 
the strut. In order to do this, it ie neceasary that the 
Tftlues of the coefficient k for the different figures of cross- 
section should be determined. So far this has only been 
done for a few figures, and the values obtained have been 
derived from tests carried out on small specimens, for 
which reason they can only be looked upon as being 
approximate. 

The difierent figures of the oroBB-aection referred to 

are shown on Fig. 5, and may be considered in each case 

as being derived from the solid bar ; the thickness of the 

croBS-sectioD is supposed to remain uniform as its figure 

gradually gets la^er. 

N F 
From the analysis the coefficient k is of the form -« ■ , 

where N represents what may be called the tabular 
number of the figure. The numbers for each figure are 
shown on the left-hand side of the sections, and by mul- 
tiplying these numbers by the strength to compression of 
the material divided by its modulus of elasticity, the 
value of k for that figure is immediately determined. 
It will be noticed that in deterniiniog the constants c and 

F 
it tliat the factor ^ is common to both; hence it follows 

that the economic proportions of the column do not 

depend upon F or E. 

The illnatrations in Figs. 6 to 12 show the wave 
formation due to secondary flexure of the different 
seotioiis in Fig. 5, and will prove of interest. Aft 
already remarked, wave formation of some kind exists 
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in every cc4umn, but witlim the elastic limits tlie small- 

ness oi the deformation makes its obeervation impossible. 

ISaw consider the manner of failure of a column in 

which the figtire of the crosa-sectioin is a square, and in 




BV-I-+ 



A A A 



@-S- 



which two parallel sides are thick compared with the 
other two sides, as shown in Fig, 13. If a short length 
of this column be taken and placed under a direct 
thrust, it will, owing to the secondary flexure, ta^ up 
a wave formation similar to that shown in Fig. 14 and 
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that of the Bpecimen shown in Fig. 7 ; and if the sides are 
of equal thickness, the wave-length becomes a minlmaiB 
for that particnlar cross-aection. 

Now suppose that one pair of the parallel sides becomu 
thin compared with the other two sides, then the wave- 
length increases, and in the limit when the sides disappear 




altogether, the two thick sides hecome two separate 
oolumns, as shown in Fig 15. The strength, then, of a 
column of this kind to resist secondary flexure is a 
maximum when the sides are of equal thickness, and the 
manner of its failure is somewhat as shown in Fig. 16. 
The wrinkling or crumpling up of the side of the colmnn 
introduces complications, and the laws of simple bending 
can no longer be said to hold true, more especially when 
the elastic limit is passed ; also, the thinner one pair of 
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aides becomes relatively to the other the more pronounced 
doe« thi^ efEect become. The weakness of the thin sides 
in bracing or conneoting t<^©ther the thick sides for the 
transmission of the bending- and shear stresses is evident. 
Figs. 17 and 18 show" the effect of secondary flesure on 
two different sections in which the sides were of equal and 
unequal thicknesses respectively. 

It will be noted in the case of the square section with 
sides of unequal thickness that the wave formation causes 
the section to appear rectangular in plan, and in the case 
of a circle, in which two sides on one diameter are thin 
compared with two sides on a diameter at right angles to 
the first, and in which the thickness varies point by 
point, then the wave formation in plan appears approxi- 
mately as an ellipse. 

The values of k for the different sections already given only 
apply to sections of a uniform thickness : for sections in 
which the thicknesses of the sides are unequal, the values 
of k multiplied by \/ n where n is the ratio of the thick- 
nesses of the sides, can be used. The reasons for adopt- 
ing this coef&cient are given in the Appendix:. 

It has been shown that for a hollow circular column 
there is a particular diameter and thickness of the 
cross-section which will' give the most economical result. 
The question thrai arises as to the effect of stiffening euch 
cross-sections or making them of a cellular form, as shown 
in Figs. 19 and 20, and under what conditions will they be 
stronger than the plain hollow cross-section of a similar figure. 

On Fig, 21 is shown a sketch of thejnanner of failure 
of a colnnm of the circular cellular type, the length of 
which depends upon the proportions of the cells to the 
diameter; and sup^iposed on this wave are smaller waves, 
the lengths of which depend upon the thickness of the 
cells compared with the Hgure of the cross-section thereof. 
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Some difEereat types of stiffened crosB-fiections are 
shown on Figs. 22 to 24, which will give some idea of the 
manner of failure of such Bectioos and of the kind of 
wave formation developed. 




The analysis given in the Appendix shows that for such 
fitiSened crose-aections the modiBed formula is of th^ 
form: — 

V- 



l+„-^+jc.+„ 



(21) 



Where p and />, are the radii of gyration of the cross- 
section and of a cell respectively, u, k, and c are constants, 
of these c remains as before. The experiments so far 
carried ont have not been sufficient to determine u and it. 
A great deal of work yet requires to be done before precise 
values can be ^ven to these constants. The fcamnla, 
however, shows that: — 

\ X I 

t p p 

Where X, and \ ace the wave-leDgths and it is possible 

to approximate to these and thus obtain roughly what the 

economic proportions should be. 
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APPENDIX. 

The dekived Rankike-Qordon Formula. 

The manner of deriving the foimulee given in equationii 11 and 
12 shows that hy continued substitution tor p and p^ the equatione 
can be expiessed in the fonn of a series. Thus — 

and (22) 



ff "^l/i* )"'\ P~)- 



r-'<f-p) 



v'Ep 



Let a = -yp then sunuoing up as a geometric aeries and putting 
p equal to o in the last term of the series 

h_^i:l and P = ^('^'-i) (24J 

/ - a"-l / rf-— I ^^ 

Now a is a variable, and when ita value approaches 1 the limit 

gi'M ^ = ^^^ «n^ -^ = -. Thus, for the particular value of 



fP 



= 1, the ratio of ^ to/ or^, to/ depends upon the namber 



i terms that are taken in the series. 
In equations 22 and 23 if the Eulerian value is substituted for p 

the last term is ^, the formnlee then return to the form 

T'Ef? 

Dividing equation 22 by 23 the value of equation 3 becomes 

8y _ p, _ g— 1 

^~ p ~ a(a-'— 1)" 

On Fig. 2& a- number of curves have been plotted to equation 

34, different values being given to n and a. These curves show 
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at a glance the effect of taking a large value for n. With n Urge 
a part of the curve is nearly a Btrait^t line until it approaches 
the Eulerian cuive, and after that it nearly coincides with it. 




n xod.sq'} ^m-foo] ImtfmiQ^^ 



if n = 2 the Rankine-GoTdoii curve is obtained, and if n- = 3 the 
modified foimula as given in tjie text. 
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Columns op Squabe or H CRoaa-SEcnoN and SroBS of cnbqoal 

THICKNESS. 

The value of th.e constant k, as given in the text, only applies 
to oross-sections of a uniform thickness. When the cioss-aections 
are not of a uniform thickness the determination of the correction 
required in the constant A; can, for square or H cross- sections, be 
appiozimatelj determined bj using the analysis given on pages 
20-23 of the paper on the " Eoonomic Design of Columns " as 
follows :— 

Consider a column of H section which, under the apphed load, 
breaks up into a wave-length, as shown on Kg. 26, Using the 




notation on the figure, and assuming the curve of the flange to 
be ednnsoidal, then the intensity of the stress p at any section x 
ofUiewebis— „ c*™,'^ 

where e = the strain, and A/g 

S = —J ^ ^dx 

where S = one-half of the total pulla in the web, and 

M=—-J J co» rdx = — -3- 

wheie M is the moment of the pulls round the centre line Y. 
This is equal to F,h, bmca F,= —~i- The other part of the load 

carried by the flange is F^ = —rj- then 
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the depth of the web being assumed in this case of equal breadth 
to the flanges. Subetitutiiig 

on difieienliatiop with regard to A and equating foi a mioinxun) 

and on Bnbstitution 

2« ,_ 

let n be the ratio of the thickneaa of the flange to the web — that 
is, ntj = ( — then 

the area of one flange is ^ = 2ri, giving 

Where f^ is the total load on one flange, and / the intensity 
of the etresB on the flange, another portioD of the applied load is 
carried by the web. This is amaU when f, is much less than f,. 
The wave formation in the flanges forces the web to take up a 
wave formation of the same length. At the same time there are 
smaller waves superposed on the first wave. To allow for the 
load in tenns of these smaUer waves is difficult, and it ia better, 
as a first approximation, to assume the intensity of the stress 
on the web portion to be the same as that on the flanges. The 
error wiU be small in making this assumption, because the_»;es 
of the cross-section of the wd3 would usually be small compared 
with that of the flanges. Let, then, A refer to the whole area 
of the cross-section and P to the total applied load, then 

Fg_P' E_ t, 

^~ Aa~ A~ ^'^ r v""^ 
and on substdtution in the modified fomula in a similar manner 
to that given for the circular sections it becomes 
f - 



P= T = 



l+V/«Af + c 



Where t, ia ijie thickness of the thicker ade of the cross-section 
when n = 1 the formula returns to its original form, the constuxtq 
already given tor A and c apply. As already remarked, the 
experiments beii^ carried out on small sections, the values 
obtained are more or less appro^mate. This investigation, 



izecoy Google 



THE DESIGN OF COLDUNS AND STBUTS. 37 

howeTei, gives a means of allowing foi non-uniftftm sectione, 
and by analogy can be used for tbe values of k given for other 



Columns op Stkfenbd or Cellular CEoes-SBonoN. 

Befeiring back to Kg. 21, the effect of secondary flexure on 
a column of the circular cellular type causes a long wave to be 
developed, the length of which depends upon the proportions of 
the cells to the diameter of the cross- section. Superposed on 
this wave are smaller waves, the lengths of which depend upon the 
thickness of the cells compared with the figure of their cross- 
section. It is required to determine the proportions between 
the depth of the cell and ite thickness and the diameter of the 
cross-section which will ^ve tbe moat economical result. The 
f (lowing solution indicates roughly what these proportions 
should be for a particular typa of cross-section. 

Let the ^ea of the ring-sections shown on Fig. 19 be A, = 
irrt where t is the thickness of the iouer or outer ring, if .^ = the 
total area of the cross-section, then A, = mA where m is a con- 
stant depending on the type of cross-section ; also let p and p, 
be the ladii of gyration of iha cross-section and of the cell respec- 
tively. 

On page 20 of the paper on the " Kconomic Design of Columns " 
the following equation is ^ven : — 

and on substitution of the above values 

On difierentiatioa and equation for a mitiiTmim tbis gives 
\' = ^ 

aiLd 

F VlkEp, 
J~A~ op 

Where a =— °3 a constant depending on t^e figure or shape of 
P 
the cross-section. 

Assume now thatX is the strength to compression per unit of 
area of the cellular cross-section — that is, neglect for the present 
tite effect of the smaller waves upon the strength of the celL 
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Then, substituting in a Bimilar manner to tliat already given in 
the analysis foi the circular sections, the modified formula takes 
the form — 



Now consider one cell of the cross- section. If there were no 
tension in the circular rings due to the longer wave, its resistance 
to compression would be of the same foim as that already given. 



/=- 



E t 



where 6 is a constant depending on the figure or shape of the cross- 
section. The tension in the rings due to the longer waves has 
the eflect of altering the length of these waves slightly. This will 
be evident from the analysis given herewith in the paper on the 
" Web Stresses in Plate Girders." As a first approximation, the 
effect of this tension may be considered neghgible. 
Substituting in the previous equation forj^ the formula becomes 
F 



'■^f(^' + ^+4.) 



i+" 



F 



Now, in cellular or similar cross- sections, if the diameter is 
varied, the size of the cells will vary in the same proportion, and 
for a given figure or shape the ratio of /> to /i, is nearly constant. 

Let, then, pjp. = g and A = ept = -pt. Substituting these values 

9 
the formula obtained is 

F 
P= i^i^ p 

Let p and p be the only variables in this equation, then, on 
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diffeTeatiatioii and equating to z«to, the condition obtained for a 

m(^.Tinn im ig 



'sl°m^^^ 



If, on the other hand, p, p and p, are taken as the variables, and 
the other terms assumed to reniain constant, then, on differentia- 
tion and equating to zero, the condition obtained for a maximum is 

t 3p, p* 



P = 



1 + 2\/ "^ '/^^ 

The dif&culty in using the results just obtained is in the deter- 
mination of the constants u and k. The experimental work so far 
carried out has not been sufficient to justify giving theni even 
approximate values. 

The analyms, however, indicates the proportions that ought 
to be observed, and, giv^i approximate values of A, and \, the 
other proportions can be determined. 

Bbacbd Columns. 

It has been shown, when considering columns of square or H 
cross-section with the ^des of unequal thickness, that a correction 
is required in the terra of the modified formula which allows for 
secondary flexure. A further question arises, when dealing with 
such sections, as to the minimum thickness of the web compared 
with that of the fianges. 

The case of the H cross-section shown on Fig. 26 will be first 
considered, and then columns of the type shown on Fig. 37, in 
which the separate columns are connected together by means of 
webs or bracing. 

From the views that have been put fgrward when dealing with 
solid columns it has been assumed that the load which produces 
failure in a column will bend it to its proof deflection ; also that 
the curve into which the column bends is a curve of sines. 
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Now, U in a beam or column there is a variation of the bending 

moments, then shearing stresses are set up in the bracing or web. 
Usually in a beam oi girder it is the shearing stresses which give 
rise to the bending moments in the flanges, whereas in columns 




FiQ. 27. 

it is the variation of the bending moments which give rise to the 
shearing stresses. If, then, a column is bent to its proof deflection, 
then 80 also should the web, if properljr designed, come to its 
proof stress. 

Now consider a rolled beam of H section supported at its 
extremities and bent to a sinusoidal curve. It v>ia the int^isity 
of the load per unit of area and t the deflection, the bending 
moment 

« = "" „d 5 = '£l' 

where S is the shearing force at one support. Hence 

from which, if /the proof strength is known, the shear stress oaa 
be determined. 
Now consider the rolled beam loaded, as in a long column, and 
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in wliicli bending takes place round the nential axis 00, then 
Enler's anal^Bis gives 

tlmt is, S depends apon the value taken for/, and varies inversely 
an tKe length ; also, 8 baa the same value as in the corresponding 
case of a beam. This is owing to Euler's analyEds only con- 
sidering bending and not allowing foi the area required to transmit 
the load. 

The Rankine-Gordon formula makes provision for this, and 
gives the iiist approximation. Thus 

P= /-■ . .„d8=^ 

1 J. /_i • -^^y 

^ ^E if 

giYiig— „' „. /■< f 

\-"~ f !■■ ^F.y 

•^ S=fJ 



The value of S obviously admits of a maximum value, and on 
differentiation, with regard to 8 and I as variables, the condition 
obtained for a maximum is 

f 
and on substitution 

^ ■- ^ /^' __^P /\ 

^max — s 2^£f? y 2y/ £ 

or the shear stress is one-half the value that would be given by 
Euler's analysis for this particular value of /. 
A similtur analysis for the derived formula gives 

max y y/ £ 2.5 ' 

. The relation just obtained, showing that there is a particular 
value of the length of a column in which the value of iS U a maxi- 
mum, seems now to be pointed out for the first time. When 
the relation given in equation 15 ia remembered iia truth will 
be evident. 
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The value of A relates to the whole area of tlie croRS-section, 
Let B be the area of the ciosa-aection of the web, then A = mB 



y WE 

The efiect of secondary flexure on the value of / has been 
neglected. The result of doing bo is somewhat to inciease the 
area of the web — an error on the side of safety. In using the 
formula it is to be noted that it only gives the minimum area of 
the web, and the value obtained must be considerably incieased. 
Tho web itself lequiies stifiening, and a formula applicable for 
this purpose is given in the paper on " Web Stresses in Plate 
Girders " herewith ; also, it must be strong enough to take np 
the twisting moments to prevent distortion takijiB place sideways. 
The formida being derived from the Rankine- Gordon formula, 
a high value for/must be taken— that is, about 60,000 to 80,000 
pounds per square inch. If this is done it will be found that the 
area of the web will be about one-fifth to one-tenth the total 
area of the cross- section. 

In the case of the Quebec Bridge, the area of the cross-section 
of the bradng to that of tha whole area of the cross-section of 
the lower chord member waa about one- seventy-fifth, and, judged 
from the for^;oing analysis, about one-eighth of what waa neces- 
sacy to develop its full strength. 

The subject may be approached from another point of view. 
In rolled beams the area of the cross-section of the web is approxi- 
mately equal to the area of one flange of the cross- section, or 
about one-third the total area. Now, in beams of this kind, the 
proportion of the depth to the span is about one-tenth to one- 
twelfth, giving a value of l/p about 26. Suppose now the beam 
were lengthened so that Ijp was from 50 to 75, then, as the 
shearing stress varies inversely as the length, the area of the 
web would be from one-half to one-third its previous value — 
that is, about one-fifth to one-seventh of the area of the cross- 
section. Now, for a column of the critical length just considered, 
ijp is about 60 to 65, and the area of the cross-section to transmit 
bending then equals the area to transmit the load ; consequently, 
compared with the beam, the area of the web would be about 
one-tenth the total area of the cross- section. For reasons already 
pointed out the probable value would be about one-half of this. 

It follows then for columns usual in practice — ^that is, wibh 
values of Ijp, about 60 to 80— that, if the web or bradng is 
designed as it would be for a beam of one-half the area of the 
croas-section of the colunui, it will be sufficient to develop the 
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iull strength of the column. The transition from colunuis of the 
H section to columns of the type shown on Fig, 26 will now 
present no difSculty, as the web or bracing connecting the separate 
columns together must be similar in its proportions to that of 
the H section. If bracing b adopted the aiea of its cross-section 

is given by the equation a = -T Sec $ where 6 is the angle of 

inclination of the bars to the horizontal. 

Further, it is to be noted that diaphragm plates or cross 
bracing wonld be required at intervals, more especially near the 
middle of the column, to prevent change of the figure of the cross- 
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The proportions adopted in the design of beams and 
eoiumns for engineering structures are to a large extent 
empirical. This is inevitable when it is considered that 
in many cases problems are propounded which in the pre- 
sent state of our theoretical knowledge no satisfactory 
solution can be given, and also that in some cases, although 
a solution based upon theoretical considerations may be 
obtained, yet owing to the want of experimental data by 
which it may be confirmed, no practical use can be made 
of it. The designer under such conditions must fall back 
on his own and other experience to determine the pro- 
portions which appear to be most suitable under the cir- 
cumstances, and it often happens that these proportions 
sanctioned by experience, and which may be looked upon 
as the outcome of a long course of trial and error, prove 
to be the proportions indicated by theoretical reasoning 
as the analysis becomes more rigorous and the experi- 
mental data by which it may be confirmed more complete. 
The design of hollow circular columns may be cited as a 
case in point. It has long been known that a length of 
about 25 diameters and a thickness of about l-16th the 
diameter would give good results. The proportions were 
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purely empirical, and were not in any way based upon 
theoretical coUBiderations. More recently, however, both 
theory and experiment show that the range of the best 
ratio of length to diameter of a colunm is comparatively 
small, and that the values adopted by experience come 
within this range. 

The problem then that naturally presents itself is, what 
should be the proportiona between the diameter and thick- 
ness of the column when the length and load are known in 
order that the material may be distributed to the beat 
advantage. If the column is made of large diameter and 
small thickness it will fail by wrinkling or secondary 
flexure of the sides of the column, and if of small diameter 
and great thickness it will fail by bending or primary 
flexure. Hence it follows that for some particular 
diameter and thickness it will fail equally by secondary or 
primary flexure. A column in which the length, diameter 
and thickness are so proportioned as to obtain this result 
is called an economic column, and the load it will carry 
for a given quantity of material is a maximum. 

During the past two years experiments have been carried 
out in the Engineering Laboratory of Trinity College on 
mild ateel tubes of various lengths, diameters, and thick- 
nesses with a view of determining experimentally the con- 
ditions under which failure takes place in a column either 
by primary or secondary flexure, and thus indirectly to 
obtain some definite information of the proportions of the 
economic columns. A detailed description of these experi- 
ments was published in the " Proceedings of the Institution 
of Mechanical Engineers," June, 1 905, and it is not pro- 
posed in this paper to refer further to the particulars of 
these experiments, but rather to point out some interest- 
ing phenomena which further experiments have shown 
occur in the testing of columns when studied experimen- 
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tally, and also to show that the analysis derived from the 
results of these experiments admits of being simply 
expressed, and leads to a modification of the formul* in 
general use at the present time for the design of columns. 

On Plate I. a diagram is shown which has been deduced 
from a large number of experiments on mild steel tubes 
with round ends, and shows the influence of thickness in 
determining the failure of the column. The various 
curves relate to a series of columns in which the area of the 
cross section is kept constant, the upper curve being for 
the limiting case when the column becomes a solid bar. 
Values of Ijp, the length divided by the radius of gyration, 
are plotted on a horizontal line as base, and values of p the 
load in pounds per square inch on the column vertically. 
Prom an inspection of these curves the influence of the 
ratio of the diameter to thickness is clearly shown, the 
lower curves being for the case of the thinner tubing. It 
will be noted that instead of these curves gradually 
approaching to the strength of compression of the 
material, that the lower curves approach a definite value, 
and then quickly rise to the strength of compression. For 
the solid bar and tubes which approximate to the solid bar 
the curves show two well-defined humps, but for thin 
tubes the curves show three humps, one very abrupt, 
rising almost vertically to the strength of compression, 
and two other humps similar to those obtained for the 
solid bar. 

It has already been remarked that the failure of a 
■column takes place either by primary or secondary flexure. 
One of the principal results of these experiments has been 
to sho* that some remarkable wave phenomena occur in 
connection with the secondary flexure of a column. 

On Plate II. the wave forms assumed by a number of 
short tubes of varying diameters and thicknesses are 
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shown, the diameters and gauges of the tubes being in the 
order given by the following table : 



DiametM 




j inch 


30-30-26-26-22-22-18 


J ,. 


30-30^26-26-22-22 


i .. 


30-30-26-26-22-18 


„ 


30-30-26-26-22-18 


iinoha .. 


26-26-22-22 



The short tubes were tested under a direct thrust in the 
testing machine, the ends being truly squared. 

From a comparison of the results obtained on a large- 
number of tubes tested, it appears that as the diameter of 
the tube gets larger and the thickness smaller that the limiting 
load on the tube of one wave-length becomes smaller. 

This is clearly shown on Plate I. ; the breaking stress curve 
with two humps is that for the solid bar, and forms the upper- 
most curve of the series ; then, as the bar becomes of hollow 
circulai' section and of larger diameter and thinner, the bumps 
in each case form a lower curve of the series, and it is not 
until the length of the tube becomes lesa than one wave- 
length that the strength to compression of the material ia 
reached— this ia the cause of the very abrupt lise of the 
third hump on the thin sections. The experiments show 
that the length of these waves varies as the square root of 
the area of the cross section of the tubes and the analysis 
given in the Appendix leads to the same conclusion. The 
value of the limiting load on one wave-length is given by the 
equation — 

i + hf- 
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where /=the limiting load in pounds per square inch on a 

column of one wave-length, 
J'=the strength to compression of the material in 

pounds per square inch, 
J=a constant = J for mild steel, 
/9=the radius of gjnration of the circular cross section 

of the column about a diameter, 
(=the thickness of the circalar cross section of the 

column. 
The curves show that the lailiire of columns is a complex 
phenomenon, and points to three well-defined ways in 
which the colunm fails. One way is, for value of lip > 120 
for the solid bar and varying to values of lip > 240 for the 
thinnest tubing, when the failiure is sensibly elastic, and the 
stress on the material is within the elastic limit. This can 
be verified by removing the load from the column upon 
-which it returns to its original straightness. A second way is 
that in which, for values of lip > 120 and < 40 for the soUd 
bar and lip < 240 and > 80 for the thinner tubing, the load 
now producing failure partly stresses the material beyond the 
elastic limit, so that on taking off the load it will be found 
that the column has received a permanent set or deformation. 
Lastly, for values of lip < -10 for the sohd bar and of lip < 80 
for the thinner tubing, the load producing failure partly 
stresses the material beyond its strength of compression in 
the case of the solid bar, and partly causes the phenomenon of 
buckling or wave formation in the case of the thin tubing, 
80 that in this third case the strength of the wave to resist 
compression is the tnte strength of compression of the column. 
The part played by secondary flexure on the failure of thin 
columns and the wave formation produced is shown on 
Plate III., on which are shown tubes ranging from f in. to 
IJ in. diameter and of 30 S.W.6. They are selected from 
a number of tubes of these dimensions which had been 
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tested ; the tubes in all cases being tbin show the wave 
farmation. 

On Plate IV, tubes of the same diameters are shown, but of 
26 S.W.G. ; in theae the wave foTmation on the smaller sizes 
is not well defined, because, these tubes being thick compared 
with their diameter, the secondary flexure did not play so 
important a part in the failure of the column. For the 
tabes having the larger diameters, the wave formation will 
be seen to be well marked, being produced in this case as 
the tubes were thin compared with the diameters. 

The curves on Plate I. relate to tests that were carried out 
on mild steel tubes, of which the average strength to tension 
was 72,000 pounds per square inch. The determination of the 
strength to compression was a matter of some difficulty, 
owing to the lengths of the tubes tested being less than one 
wave-length. The averi^e of the results obtained from the 
experiments gave a value of 80,000 pounds per square inch, and 
this value was adopted in plotting the curves. Experiments 
were also made for the determination of Young's modulus of 
elasticity, giving an avcrt^e value of 30,000,000 pounds per 
square inch. This value has been adopted throughout. 

The following phenomena were observed during the carrying 
out of the tests ;— 

That for all columns there is a certain value of l/p beyond 
which the failure is sensibly due to elastic bending, the load 
producing failure varying inversely as the square of the 
length. 

That aa the value of p/t increased the value of l/p increased 
for the load producing failure by elastic bending. The curves 
on Plate I. show this. 

When the failure of the column takes place by secondary 
flexure for a la^e range of the length there is little variation 
in the breaking load. Hodgkinson, in his experiments on 
wrought iron columns, has previously remarked on this. 



izecoy Google 



THE ECONOMIC DESIGN OF COLUMNS. 9 

As the load approached the breaking load, there was on 
the short lengths a decided yielding of the tube before fulnre. 

In all cases of long columns some elastic deflection was 
apparent before fulure ; the columns were then in a critical 
condition, and it was not till the deflections exceeded a 
certain amount that collapse took place. 

On Plate I. a number of curves are shown plotted to th« 
following modified form of the Rankine-Gotdon formula — 
P F 



'«^Kv)" 



(1) 



where p = the load per square inch on the column in pounds, 
P = the load on the column in poun^, 
A = the area of the cross section in square inches, 
F = the compressive strength of the material in 
pounds per square inch, for mild steel = 80,000, 
I = the length of the column in inches, 
p = the radius of gyration of the cross section about 

a diameter in inches, 
t = the thickness of the cross section in inches, 

c = a constant, for mild steel = ^ 



i = a constant, for mild steel = J, 
and on substitution for the constants the formula for mild 
steel is 

F 80000 ,ov 

^■=1= 1 p irjiv *'' 

^+» ( "*■ 4000 Kp) 
For the solid bar and tubes which approach the solid bar 
) should be used for ^ ^. For ordinary sections the 



li^--)' 



value of j7 ^ is sensibly correct. 
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The reaeons for adopting this foimula in place of the one 

previously obtained* are given in the Appendix. It is of a 

simpler fonn, and the values obtaine<1 by its use ^ve a much 

closer approximation to the results obtained from the 

experiments, and, more especially, having a theoretical basis, 

it is in every way more satisfactory. Let A be the area of the 

«ro83 section, d the mean diameter of the column, then 

d A 

irit = A. Also p = —.- approximately, hence ( = " 

substituting in equation (2) 

« P 80000 ,o. 



I + M- 



1000 V/j/ 



M^4000V 

Now let p and p be the only variables in this equation, then, 
on difEerentiation and equating to zero, the condition obtained 

for a maximum is p' =s (4) 

which is similar to that obtained previously from the experi- 

mentfl,* and differing only in that the coeflBcient is =^ in 

place of 52.' This change in the value of the coefficient is 

caused by the curves of the Rankine-Gordon formula not 
coinciding with those obtained from the experiments for the 
economic sections (the amount of the variation being clearly 
shown on Plate I.). For the usual values of l/p in practice 
about 40 to 80, the value of the coefficient may be varied 

from ;ri to =-:, but for other values in which the Rankine- 
66 94 

<Tordon curves closely approximate to the experimental 
curves the value of -t^tt must be adhered to. No simple 
formula can be expected to give values which will fit in 

• Proe. I. Ueoh. ]L 1905. 
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closely with the experimental curves. These curves, as 
ali6ady remarked, show well-defined humps, and any 
mathematical expression which will give values for such 
curves must be of a more or less complicated form. For this 
reason it has been deemed advisable to keep to the more well- 
known form ot the Ranldne-Cfordon formula and to give 
such values to the constants as will give good average values 
obtained from the experiments. 

The fonnula takes into consideration both the primary and 
secondary flexure of the column. Since the column can fail in 
either of the two ways it will be of maximum strength when 
the strength to resist' primary flexure is equal to that for 
secondary flexure — that is, the strength of the side of the 
column for secondary flexure must be equal to the stress 
produced by primary flexure and the load. The proportions 
of the column to attain this can rapidly be approximated to 
by using equation (4) in the following form" : — 



(f)(1)" - 



(5) 



1 + -^ '^moii)' 



Now substitute the value obtained for p in equation (4) in 
equation (3) ; this gives 

P _ 80000 80000 

^ A 1 t 

30^3 

This cubic equation determines the economic column in 
terms of P and I and the constants, and is identical in form 
with that previously obtained by the author" — the value 
of 'the coefficient ^i^g taking the place of ^-^t^ pre- 
viously given. As already remarked, this is due to the experi- 
mental curves not coinciding with those obtained from the 
Bankine- Gordon formula. 

It will be evident from the foregoing investigation that the 

experimental work yet to be carried out on columns will be 

• Proc. L Moch. E. 1906. 
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to determine the relative strengths of the diileient sections 
in common use to secondary flexure, and thus obtain values 
for the determination of the constant k in the modified form 
of the Eankine-Gordon formula. 

The results that have been so far obtained on small irregular 
sections indicate that it will be greater than for the circular 
sections, and this is what would naturally be expected. 

In conclusion, the author believes it is now possible for the 
first time to design a column with reasonable economy by 
the application of theoretical principles rather than by 
empirical rules based on experience. 
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APPENDIX. 



Bdler'b Formula fob Colohiis. 

The analvflifl is as follows : — On Pig. 1, 
c let P = the load on the ends of the colamn 

ACB, the central axis passing through the 
centre of gravity at any cross section. 
SQ=tf, the deflection at 8 where 0Q = 



x.OA^OE 



. it i 



assumed that y 



small compared with I, tbe length of the 
colamn. Now Py = M^ the bending 



moment at S and 



STB --&•"'»" 
E = Yonng's modnlns of elastidty, R the 
radina of cnrvature of the central axis 
and of the neutral axiE, and 7 the moment 



of inertia assumed constant, 
then, Py _ 

BI~ 






+n'y=o; where '•*=ni 

the solution of this difierential equation is 
y=Aeosnx+B9inttx 

when y=o, x=-= t 



=^ eos 'nx=A eosx 



this gives B =0, therefore 

si m 



whcni—s, y=ff. Hence 
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ONBg tlie minimoni value „ 

P ^ 

This is Eulers formula for columns. It requires correction in this 

respect. The value of R^ is obtained on tte aBSumption that the 

central and neutral axes of the column coincide. This is only 

true for pure bending. Actually the direct Btreas due to the 

load causes the neutral axis to shift to some distance from the 

central axis; the value of R — the radius of curvature of the 

neutral axis— is not then equal to R^, the radius of curvature of 

the central axis. The correct solution, allowing for this variation 

of R and R^, seems to have been first pointed out b^ the late 

John Neville, C.E., and is as follows : — On Fig. 2, consider the 

cross section DE FQ oi & column (for eon- 

■ ppjcij^" venience taken square) carrying a load P as 

fj i jj i l . (■„ jP in Fig. 1, the variation of stress on a cross- 

I Tm!. t' n section would be similar to that shown br 

''"• 11 the figure H I J K th^ position of the 

*"'■ "■ horizontal base / J, varying parallel to itself 

according as the bending and direct stresses varied on each cross- 
section. Let If Af be the central plane through the centre of 
gravity of the cross- section, and N N the neutral plane and «i 
the distances between them, then 1° about the axis M M =AfP 
and / about JH H = A{f?->rni'). 
From Fig. (2) the following equations obtain 

E ' 

P = ^mA (1) Equation of forces 

and P("*+y)="^ (2) Equation of moment?. 

Solving between these two equations and substituting for T the 
following equation is obtained : — 

my«p». (3) 
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Ab before, in Killer's asalyBiB, -^^b' - 
bnt B=Ro+m. Hence 

Py_ 1 

Ei Ro +m' 
SnbBtitnting from eqnation (3) for m the vainer and P=j>A, the 
equation for R, becomes 

l^i _JP_„ A 

fio p' E-p * dtf 

giving, as before, 

^V 1 ,. alp 

T^i + vifo, where o?" — -^r - • 

Proceeding to obtain the solation as previonaly we find 



°2pV: 



E-j, 

^ ^ SA 
<*' P p-' andP = ^■ 

It will be observed that in Euler's formnU p becomes infinite as 
I vanishes, whereas in the corrected expression the limiting value 
of p is E. This formula, like Euler's, can only be considered as 
having an apademic interest. It is important to note, however, 
that it is of the same form as the Rankine- Gordon formula. 

This formula does not take into consideration the secondary 
flexure of the column, as will appear when this is taken into 

account. Tbehmitingvalueof pisnotf, but _y<i" where I is the 
thickness and r the mean radius of the column. 
The Bankinb-Gobdon Fobmdla. 
The formala may be derived as follows : — Consider the column 
shown on Fig. 1, the bending moment at the middle is 
M = PS=pAS. From the theory ofbending 
M p, 

• - /"y 
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BtactpAS^:^^ or ?.'=-? A further deduction from the theory 

9 P P 
of bending shovs that the proof deflection t4 a beam variea as 
P P 

- or S =- Where c is some constant subatituting, the equation 

obtained ib ^ ~o-. 
P />" 
Add unit7 to both aides of this equation, then 

2^ = 1.4 

p p 

Now, p, + p equals the sum of the stresses due to the load and to 

bending, and is equal to / the working strength of the materia), 

P 
also P^-ji Bubstitating these values and reducing, the formula 



takes the form 



.f^ 



P 
For wrought ii 

ends c= 

36000 

The manner of deriving the formula is open to criticism in 

this respect. The correct value of the coefficient c in the equation 

for the proof deflection is -- % where n is a numerical coeffi^ent 
Hence ?. = ^, or p=*' 

That is Euler's formula. However, if the correction for the 
change in the deflection, due to the direct stress of the load, is 
made as in Neville's formula, the form of the Rankine-Gordon 
formula is correct, and gives close results compared with the 
values obtained experimentally. From the investigation of 
the foregoing formula it is evident that for long solid columns 



ahoit columns the load P should approach the value F. the 
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crushiDg strength of the material. To attain this rosult the 
foregoing fomiulfo can be pat in the form 



which may be taken as true for both long and short columns. 

From a careful comparison of the published tests on aoUd column 

by Moncrieff and others the author is of the opinion that the 

value of c in the Raukine-Gordon formnla for solid columns with 

F 
roimd ends ia closely given by the value of the coefficient „„ 

It has already been pointed out that the failure of a column is 
complex, and that for the case of a sohd column the breaking 
stress curve shows two well-defined humps, as shown on Plate I. 
On plotting values obtained from the Banldne-Gordon formula 
a second curve is obtained which cuts the experimental breaking 
stress curve once, and then approaches the Bnlerian curve ; 
and it will be noticed that the values obtained from this 
curve approximate closefy to those given from the experimental 
curve. 

The crushing strength of mild steel and wrought iron, as 
usually given, appear to be below the values obtained from the 
experiments on very short columns. It seems reasonable to 
expect that the crushing strength should be greater than the 
tensile strength, and the author has found, experimentally, that 
in some cases it is very much greater. When evaluating the 

constant c = —^ it is necessary to bear this in mind. The effect 

of using a low value of F in practise causes the curves to start 
from a lower point, and the values obtained will be less than 
the experimental values — an error on the side of safety. The 
author, however, gives values later on of F, the strength to c-om- 
pression, deduced from the experiments pubUshed by MoncriclT 
and others. 
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HODIFIEO RAmUHB-OOBDON FoBMITLA. 

When u short tube is under the action of a load it has been 
shown experimentally that it breaks ap into a. number of waves. 
Consider now the half wave shown on Fig. 3. It may be regarded 
as being subjected to two difEerent kinda of defonnatioD, one 
due to the bending of the side of the tube as a thin column, and 
the other due to a direct throst causing the stretching or com- 
pressing of the circumference of the tube into the wave fonn. 
Now, the applied load is partly supported by one land of defor- 
mation and partly by the other. It is required to determine the 
proportion between the loads. 





Conaidei a ring of the tube at the centre of the wave ; owing to 

the stretching there is a circumferential tension in it of intensity : 

Pj assume a normal load, q to be the cause of the stretching, then 

'qRc'tp where R ia tLe radius of the ring, and t its thickness. 

Assuming Hooke's law to hold true and that the wave is of a 

sinusoidal form, then, using the notation shown on the figure, the 

. . / ^A 

value at any section of p = — c 



, where £ = Young's modulus 
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of elasticity, and fl=r+A cos ^ Hence at any ring 



h 

This gives the valoe of tlie normal load per unit of area on the 

tube which would cause deformation into the wave form. Now, 

conadei a atrip of breadth & at r and B,a at any other section, then 

Ss r 

^~ . i * 
' r + h eo» I 

it is required to determine the value of the total load on this atrip 
==SiBsBx. From the above equations 



Eik 



r+kcos i 

^& 



k 

.•»;»„,. |.s. 

the Bummataon of this along the length of the strip is 
S(qB,,)Bx = ^SsJ^coslSx 

- V. 

Eth . 2X 

= -J- is — 
r v 

for the whofe drcnmference of the tube, ?8s = ivr. Hence the 

total normal load on the interior = 

Consider now the load on a strip of breadth Ss at A B. The 
load diagram is the same as that of the equilibrium curve, and 
it is distributed between the two points of support, A and B, 

ioT the strip Ss, Henc« Sfli=r-5-S*i and for the whole 



izecDy Google 



20 THE ECONOMIC DESIGN OF COLUHNS. 

P 2B(AX 

circTimierence iCi = 

R, . . * , du h 

Now -^= tana also y = ft coa v and (an a = ^ = + ^ 

, X „ A 2£(ftX . „ 2Et}r\ 2E{K^ 
wten X =±2 Hence ^=-fr^ a^^d ^.^ p-^"^ 

The total vertical load on the wave ia made ap of two parts Fi 
just determined, and F^ the load which it would support aa a thin 

column. This ia equal fo -jr^- by Euler'a formula. Hence the 

total load 



= 2Et 









12XV° 



giving X. 


-m^'"' 




and on subetitution 


F. 


where A 


.2M 






.nd/. 


F 



These equations determine F and X on the assumption of elastic 
deformation. The equation for the length of the wave shows- 
that X IB proportional to the square root of the sectional area of 
the column. 

The problem can also be solved from the energy point of view. 
Let V be the total energy. It is made up of two parts — Vi the- 
energy due to bending of the aide of the tube aa a column, and 
Pa the. energy due to the stretching of the tube into the wav& 
in thia case 
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D-P| + P,-ir£A= 



(S^9/" 



-V. 

And for the energy to be a minimum this gives as before 

The MsultB just obtained show that the value /"Sf-) givcD 
from the expeiimentB* should be /= -r^f - j = -7 - • It has long 

been known that tbe Enlerian formula P = — ^— only applies to long 
colnnms, and was of no practical use for the design of short columns. 
The reason is now clear. For short columns the value of the 
load P approaches P=—^, and for columns in which the 
length of the wave X is small compared with the length of the 
column I, then P=— p-. These results can be put in the 
following form : — ' 

P.- ^^_ 
f 2EiTf 

reducing this gives 

p_ EA 

A '^'it'l? 
P E 



r—A 



This eqnatJOQ may be looked upon as the* theoretical form of 
Neville's equation appUed to hollow colunms^when secondary 
flexure ia taken into coiksideration. 



• Proc I. Meoh, E. 1906. 
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Diffeientiatiiig the denominator with respect to P and p and 
equating to zero, the condition obtained for a maximnm is 
. V^ 

and on substitution 

P.^&^ and A^i'^J^f 

this equation determines the theoretical economic dimensions of 
the column. For the same reasons that apply to Enler's formula 

for long columns the formula P=-,a ()= -7^ - only applies to 

columns which are thin compared with the diameter. The 
equation neglects the area required to transmit the load and 
only considers bending. To allow for this it can be put in the 
form 



/- 



y/feli ' p 



where F is the strength to compression of the material, /the load 
per unit area on the column, and n a constant. 
For sections which approximate to a soUd bar the value 

v/|^(^--5)shonIdbe used for V'j!^(>Y for the usnal sec- 
tions in practise the '5 is negligible. 

Now, the Kankine-Gordon formula is of the form 

„ ?- f- - 

where m = a constant, on substitution for/, the following modified 
form already given is obtained : — 
P F 






F 
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and on diSerentiation the condition obtained foe a maximam is 



(?)(?)■-: 



From an examination of the experiments on solid and other 
columns of mild steel, wrought and cast iron by Hodgkinson, 
Christie, the Author, and others, the best value of m to adopt 



for columns witlk 
If now values 



in the above formula is unity, giving c= -^ 
round ends, and r-^-t ^o' columns with fixed ends. 

of F and B for mild steel, wrought and cast iron are used, as given 
in the following table, focmulffl are obtained which give fair 
average values compared with the results obtained from the 
experimental teats, ^nd which agree closely in some cases with the 
f \/6; 



constants already in use. The values of ^ 



= k cannot for 



the present be accurately detennined for other than circular 
columns for these sections, the value of k=20 gives good results, 

and, on substitution k=—p-; in the following table, the values 

of ji: for mild steel, wrought and cast iron have been calculated 
from the values of F and E therein adopted. 

ToWe of Constants ttsed in the Modified Rankine-Gordon Formula. 



M... ■ 


Slienpth In 
80000 

55000 
110000 


elasticlly 


Round 


Fijed 


' 


Mild Steel . 
Wrought Iron, 
Cast Iron, 


30000000 

260000CO 
14000000 






f 



Consider now the Rankine-Gordon formula for wroufibu iron 
columns with round ends 

P 36000 
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This may b« looked upon as a particnlaF case of the general 
formula 



<^' 



-whicli, OQ substitation of the coDBtsnte for wtonght iron becomee 
_F 55000 

Asetuning a valoe of ^ alwnt 8, the formula on reduction b«coniefl 

nearly the same ae tlie Bankme- Gordon formnla joat given. The 
anthoi is of the opinion, after a critical examination of Hodgkin- 
Bon's experiments, from which the constants in the Rantine- 
Qordon formula were determined, and from the results of otiier 
experiments, that the modified form of the Eankine-Gordon 
jormula with the constants adopted may be considered to g^ve 
values which approximate fairly well with those given experi- 
mentally. Reference has already been made with regard to the 
value of F that should be used. For wrought iron and mild 
steel the values commonly given do not greatly exceed the strength 
to compression above the yield point, and are below the real 
crushing strength of the material For this reason the valaes of 
F adopted are somewhat higher than usual, and the author thinks 
the values could be further increased with safety. For cast iron 
the value of y ia sensibly correct, experiments being far more 
consistent than in the case of the other materials. 

The values of k apply only to circular sections. Further ex- 
periments indicate that for other sections the wave lengths \ are 
in general longer than with the circular sections, and the value 
of k increased ; also that symmetrical sections are stronger than 
nnsymmetrical sections, angle irons and the like always giving 
-a low breaking strength. The difference between the breaking 
strength of a symmetrical and an nnsymmetrical section can he 
«hown by testing a thin circular colunm with another like column 
-which has been cut longitudinally. 
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KcoNouic Beau. 
An intereBting dednction from these experiments on the waves 
forms, produced by direct compression, is the application to the 
-case of an economic circular beam. Consider a solid round beam 
resting on supports at its two ends and loaded in the centre ; the 
load it will carry can be calculated from the formula given the 
theory of bending 

y 

where ilf =the moment tending to break the bar, 

/ = the strength to compiefision per unit of area of a 

wave-length, 
/ =the moment of inertia of the cross-section of the beam 

about a diameter, 
y = the half depth of the beam. 
Now, consider the beam to remain with the area of the cross- 
section constant, but to gradually change its section to a hollow 
circular cross-section, then, under these conditions, the value of 
/in the equation is no longer the strength to compression of the 
material, but will be given by the limiting load on one wave- 
length, and the equation will be of the form 

l+kB 1 



and on reduction 



FA 



y/2 iirkp 

diSerentiatmg and equating to zero the condition obtained for a 
masimum ia 

let i& ^ I tile value obtained lot mild steel tubes, then on snbsti- 
■tution 

„ TA" 
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That is the analTsis which shows that there is a certain value 
of the diameter compaied with the thickness when the load 
supported will be a maELmum, and for the case considered the 

'^- 

Some interesting experiments by HodgkiDson, showing the 
effect of secondary flexure due to bending on circular and 
rectangular sections, are given in "Clark's Britannia and 
Conway Tubular Bridges." 



.„Goo<^lc 



Trans. ItiU. C. E. Ireland. Vol. 33. 

Plate I, 

THE ECONOMIC DESIGN OP COIxUMNS. 
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WEB STRESSES IN PLATE GIBBERS. 



In the deagn of plate girders the practice is generally to 
consider the web of the girder as tranSmittiiig the shear 
stresses, and that the effect of the stiffeners is to stiffen the 
web to enable it to transmit these stresses. The disposition 
and the .area of the cross-section of the stiffeners become 
under theSe conditions largely a matter of experience. 

For girders of snxall span having few stifEenera, and in 
which the web is thick compared with the depth of the girder, 
the error involved is small, and does not cause much waste 
of material ; when, however, larger spans come to be 
considered, the difficulty of determining the proportions of the 
web and stiffeners is accentuated. In such cases it is not 
sufficient to assume that the web wholly transmits the shear 
stress or that the function ol the stiffeners is only to stiffen 
the web. 

Some time ^o the author enunciated the view that the 
stiffeners when placed on the web of a plate girder acted 
partly as struts, and that the web should be considered jointly 
with the struts if economy was to be attained. An alternative 
method to the usual procedure for the design of plate girders 
was then proposed, in which the web was assumed only to 
transmit tensile stresses, and the struts or stiffeners compres- 
sive stresses : it was then shown that the subject so considered 
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4 WEB STHEB8ES IN PLATE GIRDERS. 

led to a rational method of deeign of the girder, and did not 
leave the proportionfl for the web and struts so much to the 
individual judgment of the designtr. 

In order to t«at how far these views could be expected to 
hold true, the experimenta about to be described were under- 
taken in the Engineering Laboratory of Trinity College, 
Dublin, the object of the research being to study the effect 
of various dispositions of stiffeners on the deformation .of the 
web of the plate girder. 

Since the classical experimenta carried out on the model 
for the design of the Menai Tubular Bridge some sixty years 
ago, little research work in this direction appears to have been 
done, which seems unexplainable considering the importance 
of the subject and the enormous number of plate girders in 
existence. No doubt the proportions adopted in the majority 
of these girders are approximately correct ; being the result 
of experience and the outcome of a long course of trial and 
error, it could hardly be otherwise. It must, however, be 
confessed that the proportions adopted, more especially of 
the web and stiffeners, are to a large ext«nt empirical, and for 
this reason the subject requires further investigation. 

A plate girder of the following dimensions was con- 
structed : — Depth, 9J inches ; length, 5 feet 3 inches. The 
flanges were made up of two flat iron bars, 2 inches by | inch, 
and two ai^le-irons, IJ inches by J inch. The framework of 
the girder was made in separate halves, and bolted together 
to the web. This construction allowed of different thicknesses 
of mild steel plate being used in the experiments. The arrange- 
ment of the girder and the method of testing are clearly shown 
in Fig, 1. One side of the angle-irons on the top and bottom 
flanges was cut at intervals along the length of the girder by 
vertical cuts. This was done to secure, as far as possible, 
flexibility of the flanges For testing the girder a vertical 
10-ton Wicksteed testing machine was used, the concentrated 
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load being applied centrally to the top flange of the girder, 
two vertical atruta transmittiiig the load to the lower flange. 
In order to study the efiect ol placing stiffeners on the web, 
flat bars 1 inch by J inch were bolted together on each side of 
the web, the stifieneis being J inch shorter than the depth 
between the edges of the angle-irons, thus ensuring that no 
stress could be directly transmitted by the angle-irons to the 
stiSeners. 

A large number of tests were then carried out with different 
thicknesses of web and dispositions of stiffeners. The results 
of some of these tests were as follow : — 

Plate Girder. — Length, 5 feet 3 inches ; depth, 9i inches. 

Web, Mild Sted Plate, 28 8.W.G. 
Figure number ... 12 3 4 5 6 

Number of stiffeners 2 6 12 2 C 

Total load in pounds 1500 2000 2500 3000 2500 3500 

Weh, MUd Sted Plate, 18 S.W.Q. 
Figure Number . . . . 7 

Total load in pounds .. .. 12000 

Plate Girder. — Length, 5 /eei 3 inches ; depth, 7^ inches. 

Web, Mild Steel Plate, 24 S.W.G. 

Figure number ... 8 9 10 11 

Number of stiffeners 2 6 12 

Total load in pounds 1800 2500 3300 4000 

\Web, MUd Steel Plate, 18 S.W.G. 
Number of stiffeners 2 6 12 

Total load in pounds 5600 8500 12000 16500 

The exact determination of the loads causing distortion of 
the web was extremely difficult. As far as possible the 
numbers given refer to the loads just sufficient to produce 
the wave formation in the web, and from which an allowance 
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leqnirea to be made for the sheai stress transinitted b; the 
flanges. To obtain the blocks, F^. 1 to 11, the loads weie 
increased in order that the wave fonnation should be well 
defined ; these show cleaxly the efiect of the Btifieners in 
changing the shape and direction of the wave fonnation. 

To enable a comparison to be made between the wave 
fonnation in the web of a built-up plate girder and of a rolled 
girder section, experiments were carried out on three difierent 
types of rolled section. The sections, aft«r machining, were 
as follow :— 

Figure Flaages Web 





2 X i 


3lx A 


12 


3 X J 


ijx A 


13 


3 X i 


5 X A 


14 


^ '^-fn 


5 X A 


15 


2 » A 


5 "A 



In order to obtain the wave formation it was necessary in 
the larger sections. Figs. 13 and 15, to stiffen the web at the 
ends of the machined portion of the web with stiffeners— the 
distortion of the girder taking place sideways unless this was 
done. Pig. 15 shows this sideways distortion and its effect in 
changing the angle of inclination of the wave surface. 

The following conclusions may roughly be drawn from 

these experiments : — The wave length nf the wave formation 

set up in the budding of the web is nearly independent of the 

thickness if the stiffeners are of great strength compared with 

the web. The angle of inclination of the waves depends upon 

the distance apart of the stiffeners and the depth of the girder. 

„ . , , distance apart of stiffeners ,■ , , 

For a given value of -, jjxl" f^-j- the angle of 

inclination is constant, and the smaller this ratio the smaller 
the angles of inclination with the vertical. The effect of the 



izecoy Google 



WEB STRESSES IN FLATB GIKDGRS. 7 

atiffeneis is to change the diiection ot the stresses in the web, 
the part ot the web between the stifEeners acting partly as a 
strut. The stiffeners prevent the formation of the waves, and 
severe local stresses are set up round the ends of the stiSeners, 
causing a crnmpling up of this part of the web. Pigs. 2 to 11 
show the effect produced by this kind of distortion. The 
wave length depends on the angle of inclination of the wave 
formation in the web, and is roughly proportional to the 
length of the centre line of the wave measured between the 
stiffeners or flanges of the girder. 

The permissible shear stress that should be adopted in tbe 
web of a plate girder, and the amount of its variation with 
the disposition of the stifEeners, have been much discu^ed. 
The ordinary method of procedure is usually to adopt some 
arbitrary value for the working shear strength of the material 
of the web ; and the web, after design, is stiffened to enable 
it to transmit the shear stresses, some variation of the 
Ranldne-Gordon formula being used for this purpose ; this 
method gives roughly the disposition of the stiffeners, but in 
no way determines their cross section. Now, the experiments 
show that the stiffeners, when placed on the web, act partly 
as struts, and therefore require to be proportioned for the 
loads on them ; in fact, the stiffeners play a double part — in 
stiffening the web against secondary flexure and in acting 
as stmts. 

For these reasons the author considers that the plate girder 
may best be looked upon as a dual sort of structure, in which 
the shear stresses are partly transmitted through the web, 
as in a rolled girder, and partly as in a triangulated girder. 
The change in the angle of the wave formation and the value 
of the total loads obtained as tbe distance apart of the stiffeners 
is varied is conclusive evidence that some such distribution 
of the stresses takes place. 

The following solution of the permissible shear stress on the 
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web of a plate girder the author believes to be new. Consider 
one oi the waves shown on the girder in Fig. 1, and assume 
that it could be circumeoribed by a rectangle, as shown in 
Fig. 16 ; also that it is under the action of a thrust of intensity 
p pel unit of area along two paraUel sides of the rectangle, 
and a pull of intensity q per unity of area along the other 
two sides of the rectangle. The wave surface may approxi- 
mately be assumed to be sinusoidal, and its equation referred 
to the co-ordinate axes is 

r, 2! tt 

The plate is subjected to two difEerent kinds of stresses, one 
of thrust and the other of pull, at right angles to each other. 
Consider now the plate as a series of parallel strips, such aa 
a, a ; these strips roay be looked upon as forniing a kind of 
spring arch, in which the thrust is partly resisted, as in a 
column, by bending, and partly resisted by direct thrust, as in 
an arch ring. Similarly, a series of strips, such as b, b, may 
be looked upon as a kind of spring suspension bridge, in which 
there is bending and tenuon — that is, the plate is in a state of 
strmn of thrust and bending in one direction, and of bending 
and tension at right angles to it. It is required to determine 
the wave length X in terms of L, the breadth for given values 
of p and q, and the thickness of the plate. 

Assume that the strip a, a in its arched form is subjected to 
a load proportional to the area between the curve and its 
horizontal base. Take the origin of the co-ordinates at the 
centre of the base, and let 

ta = density of unit volume of the load. 

X = span = wave length = tr k. 

S = rise of arch = deflection at the centre of the plate. 
Then the intensity of the load at any point is 

St ^ 
010 cos T 
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and the shearing force at one support 

and the bending moment at the centre, 

4f = \ ^idBk sin jdx = tuS/n cos * I ' ° = 

and the horizontal thrust 
Now the strip a, a is also subjected to bending as a column ; 



where E = Young's modulus of elasticity and / the moment 
of inertia. The total thrust P = P, + P3; hence 



^(--"y)=5 ■ • ™ 



Consider now the strip b, b, and imagine it loaded partly 
as a suspen^on bridge and partly as a beam, with a load of 
the same intensity a> as on the strip a, 1. Let o> be that part 
of the load supported by bending, then the bending moment at 

' Now if the strip were loaded as a column, 

two expressions are assumed to be equal — that ia, 

The other part of the load Mj =a) — a, is supported by the 
teuton Q, and this ia equal to -^ giving 
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Substituting from equafon {1) in equatjon {2) tlie equation 
obtained is 

(p-^S'Hi<^-^') ■ ■ <'> 

The value of P per unit breadth equals ft, and of Q equals 
y(, where t equals the thickness of the plate, the moment of 

inertia / = ,^; also let p = Tq, where r represents the ratio 

of the stresses to one another. Substituting these values in 
equation (3), the equation obtained is 



/I 1 \ ir'Et'/ 1 , I \ 



(i) 



Now let p and \ be the only variables in this equation, 
then, on differentiation and equating the result to zero, the 
conditioD obtained for a minimum is 

X. v^^+l::! ... (5, 

That is, the wave' length X only dejwnds on L and r. Sub- 
stitute the value obtained for X in equation (5) in equation (4), 

then 



12\' 12L« 



\/r*+l- 



(6) 



showing that p varies as - j, also that the strength of the plate 

under compound stress of wave length \ is twice as strong aa 
it would be when considered under direct compreaave stress 
as a column. The expression obtained for p applies to the 
inten^ty of the load just sufficient to produce the wave surface ; 
the value of the load to produce failure by crumpling of the 
plate is greater than this, owing to the ratio r of the stresses 
changing as the deformation goes on. This case difFers from 
that of long columns in which a small increase of the load 
when near its maximum value produces failure. 
For the same reasons that apply to Euler's formula for long 
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columns equation (6) only applies to plates in whicli t is small 
compaied with X ; in order to modify it for all cases it takes 
the form of the Ronkine-Gordon formula for columns thus : — 

1+4 '" 



to compression, pure shear, or tension, the values of which for 
mild steel or wrought iron are sensibly equal. 

It is necessary here to remark that one of the arguments 
used in favour of the plate girder is that the material of the 
web is under tensile and compressive stresses at right angles 
to one another ; and under such conditions it does double 
duty when compared with the struts and ties of the triangulated 
girder, and therefore should be more economical. The ques- 
tion then at once arises — In what way do these compound 
stresses aflect the strength of materials such as wrought iron 
and mild steel ? On this point little is really known. Experi- 
ments, so far, show that if the material is under a compresEdve 
stress, that a tensile stress at right angles to it does not 
sensibly affect it ; and for nLaterials in which the strength 
to compression is about equal to the strength to tension, that 
the strength to pure shear has nearly the same value. 

The Rankine -Gordon formula as derived above has, with 
various values of c and F, long been used for stiffening the 
webs of plate girders. The formula being derived from 
experimental and theoretical work on columns, its use wets 
naturally extended to the case of a buckled plate, and it is 
satisfactory to find that it has some theoretical basis. 

The experiments are not of sufficient range to allow of any 
generalisation for determining \ in terms of L ; also the problem 
is very complex, as the solution involves the slope of the waves, 
the ratio of the stresses, and the relative yielding of the web 
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and stifEeners. For these raasons it is bettei'^to make some 
asBumptione to determine the value of X to be used in the 
formula, which will give a good approximation. On the usual 
hypothesis the waves are supposed to slope at 45°, and the 
stresses p and ^ to be equal to one another — that is, the web 
is assumed to be under a pure shear stress. The experiments 
certainly do not support this view, the stilfenera also act as 
struts, and therefore p must be less than q. For these reasons 
it is better to consider the girder as a dual sort of structure^ 
in which the transmi^on of the stresses takes place partly 
as in a triangulated girder and partly as in a rolled girder. 

Now, suppose the web to be designed first on the assump- 
tion that the web transmits tensile stresses only ; and then, 
secondly, designed on the assumption that the web transmits 
the shear stress alone, and that the struts only act as stiSeners, 
then, if the thickness of the web and the distance apart of 
the stiffeners are the same for both designs, it would satisfy 
all the requirements from either point of view, and at the same 
time would lead to a rational method for the de^gn of the 
struts. 

Consider the girder shown on Fig. 17, let S be the shearing 

stress at the section A, A. Assume that the shear stress is 

wholly transmitted by the tensile stress in the web, and the 

lines of stress are at 45° ; then, H g = the factor of safety, 

F 

~ =/the working strength to tension or compression of the 

material ; also/' sin 45° cos 45° =//», and a the area of the 



It is now required to determine the distance apart of the 
stiffeners in order that the web may be sufficiently stiffened 
to enable it to wholly transmit the shear stresses as a pure 
shear stress ; to do this requires that the value of X in equation 
(7) should be determined. 
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The asaumpton of a pure shear stress would give r = i, 
and on substitution in equation (5) X" = (\/2 — 1) L^. This 
view, however, cannot be maiatained, as the experiments 
show that some of the shear stress is transmitted as in a 
triangulated girder, and the remiunder as in the web of a 
rolled girder. It seems reasonable to suppose that the shear 
stresses should be newly equally divided between the two 
structures if the proportions, of the web and struts were not 
abnormal. Under these conditions the value of r. the ratio of 
the stresses, would be from one-third to one-half. Assuming 
one-half to be the best value to adopt, and substituting in 
equation (5), gives X = 0.5 L nearly. Also the waves are 
assumed to slope at 45°, giving L =^/2d, and on substitution 
X^ = 0.5 (f^. Equation (7) then takes the form 
F 

For ordinary solid columns of wrought iron F = 60,000 lbs. 
per square inch, and E = 27,000,000, giving 
F 1 



■T^E 4500 



nearly. 



J on substitution 



the stress in the web is a pure shear stress, p = q = s, and 
stD = S, giving on substitution in equation (8), 
,-S , f 

^1 + J:-^ ■ ■ ■ (^' 
1500(* 
The author is given to understand that thelRankine-Gordon 
formula in this form has already been applied to the design 
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14 WEB STRESSES IK PLATE OIRDBR3. 

of plate girders. It is satisfactory to find that the empirical 
constant is more or leas correct. 

The web, as designed, has a thickness 

Now if the web were subjected to a pure shear stress, 
■p = q = s = f/i, giving on substitution in equation (9) 

2\ ^1500 W ' 
or a ratio of -, about 40 for the distance apart of the struts 

compared with the thickness of the web, a result which com- 
pares favourably with existing practice. The dimensions of 
the struts now require to be determined. Assuming the web 
to transmit one-half of the shear stress by a pure shear stress, 
and the other half by a tensile stress, then the load on the 

strut B B (Fig. 17) would be p =-^ ^r. Owing to the incUna- 

tion of the waves varyii^ as the distance apart of the struts 
is varied, the load on the strut for values of d greater than 
D is somewhat less than the above, and for values of d much 
smaller than D it is rather greater. For the usual values 
that obtain in practice the value obtained is sensibly correct. 
Now the Rankine-Gordon formula for columns with round 



^^9000 p^ 

For struts, of irregular section, such as are used in girders, 
this formula* gives the best average results. 

The value 36,000 is about 0.6f the strength to compression 
of wrought iron in pounds per square inch ; dividing by g gives 

■ — = 0.6/; also I = D, and p is the radius of gyration of 

* Tr&aEac(iouB of the InstitatioQ of Oivil Engiueera, Ireliuid, 1906. 
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the CI0S8 section of the strut, P = „ fi- On substitiition 



D- 



of these values the formula becomes 
S d ^ 0.6/A 



2 0" i+_^_ - 

9000/)"* 

If the value of — is taken about 40, this gives A = —: y, 

a cross section of the struts equal to one-half of the cTOse 
section of the web when d = D. 

The web so designed satisfies the requirements when con- 
sidered either from the view that the web takes the whole of 
the shear Btresses as a pure shear stress, or that it transmits 
them only by a tensile stress ; at the same time it leads to a 
rational method for the design of the struts. It will be found 
that the web, if judged by the assumption that the Btresses 
are shared equally between the two parts of the dual structure, 
is about 25 per cent, stronger than necessary, and that a 

value of about -^ for the area of the cross section of the web 

would have been sufficient Owing, however, to the uncertainty 
of the ratio r of the stresses, it seems better to proceed on the 
lines indicated, as the difference in the thickness of the web 
is only a smalt quantity. 

There is yet to be considered an allowance for the stiffening 
of the girder to resist distortion sideways. The allowance for 
this depends upon the strength of the flanges to take up the 
small bending and twisting moments caused by the stresses 
not acting in the plane of the web, the flanges, together with 
the ends of the girder, tending to make an angle with one 
another, and show in plan roughly like a figure eight. To 
make allowance for this is difficult, and yet experiments show 
that it is very necessvy. Suppose the flanges connected to 
the struts and web by ball-joints, then although the girder 
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would be of sufficient strength to transmit the stresses in a 
vertical plane, it would be unstable ; the ends of the girder, 
ti^ther with the guaset plates, prevent this relative move- 
ment by setting up torsion in the flanges. Usually the ends of 
the girder, together with gusset plates, at intervals, connect 
the flanges firmly together, their function being to play a 
double part in resisting the distortion sideways and the wind 
pressure. The flanges must also be of sufficient breadth and 
cross section to resist the twisting momenta thus set up. 

In gbders of small span only few stifieners are required, 
owing to the web being thick compared with the depth of the 
girder ; also, for practical reasons, it is better to give a little 
extra material to the web and reduce the number of struts 
to a minimum. In large spans, however, owing to the web 
being relatively thin compared with the depth of the girders 
more stifteners are necessary. The reason for this is that in 
railway and similar types of girders the total load varies 
approximately as the span. Now if the ratio of the depth to 
the span is assumed to be constant for different spans, then 
the thickness of the webs of these girders would be nearly the 
same thiot^hout, and the number of stifieners would be 
directly proportional to the span. The question then arises — 
What are the limiting spans for plate girders ? When the 

value of a =^r- gives a thickness of the web less than from 

% inch to i inch it seems better to use triangulated members ; 
for practical reasons it is undesirable to use plates of less 
thickness. If these conditions are granted, it will be found 
that about 60 feet to 80 feet is about the limit for the span 
of the plate girder, and for 80 feet to 100 feet spans compound 
girders are preferable, in which about one-third to one-half 
of the centre part of the span of the girder bracing is used, 
with web and struts for the remainder of the span ; and for 
spans greater than these triangulated girders become necessary. 
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The jflroceBS of evolutiott from the plate to the triangulated 
girder shows that for certain spans compound girders of the 
type mentioned are not only economical of material but have 
certain advantages for cheap construction, and it is surprising 
why they are not more nsed. 
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